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Abstract  

This paper presents an advanced six-step linear multistep method of order five, based on 

second derivative non-hybrid block backward differentiation formula (BDF), developed 

for numerical solution of stiff systems of ordinary differential equations. The 

development of the multistep collocation approach is carried out using the matrix 

inversion techniques. The block structure facilitates simultaneous computation of 

multiple solution points, improving computational efficiency. Moreover, the power 

series is adopted as basis function for driving the discrete and continuous formulations. 

The analysis of the method such as consistency, zero-stability, order and error constants 

is presented, confirming its suitability for stiff systems. Numerical experiments on 

standard are tested on stiff and non-stiff ordinary differential equations showed the new 

method outperforms existing method in terms of accuracy. 
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1. INTRODUCTION 

Mathematical statement containing one or more derivative of physical phenomena in sciences, social sciences 

and engineering often lead to initial value problem (Mohammed and Adeniyi, 2013). In some cases, the 

differential equations could be solved analytically while others may be too complicated to use analytic 

methods of solutions. Numerical methods are often used to give approximate solutions to these differential 

equations. In view of the importance of differential equations, Stiff problems are important because they 

occur in various applications of science. It arises when modeling chemical reaction, Reaction-diffusion 

systems, electrical circuits, mechanics, meteorology, oceanography and vibrations (Idrees et al., 2013). A 

hybrid block scheme is a numerical method for solving ordinary differential equations that combines both 

implicit and explicit integration schemes. It is designed to handle stiff systems, where the solution shows 

rapid changes over different time scales. The hybrid block scheme divides the time intervals into smaller sub 

intervals or blocks. Within each block, an implicit method is used to handle the stiff components of the 

system, while an explicit method is used to handle the non-stiff components. The implicit method provides 

stability and accuracy for stiff part, while explicit method allows for efficient computation of the non-stiff 

part (Hairer et al., 1993). One way to deal with stiff problems is to use stable implicit methods. The 

most popular methods for the solution of stiff initial value problems for ordinary differential equations are 

the Backward Differentiation Fo rmu la  (BDFs).   Others are Power series method (Tahmasbi and Fard, 

2008), block method (Ibijola et al., 2011), hybrid block methods (Kumleng et al., 2013). However, there 

are few schemes developed for solving stiff ODEs using block methods. In this research work, we will adopt 

the idea of interpolation and collocation which Lie and Norselt (1989), Onumanyi et al. (1994), (1999) and 

Sunday (2022) referred to as the multistep collocation method (MC). The scheme presented below following 

Sunday (2022). 

2. METHODOLOGY  

A general form of the continuous of the  linear multistep method as defined by Sunday (2022) is 

given in equation 1 as: 
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and its extension it to the second derivative gives the general form of the continuous k –step 2nd derivative 

linear multistep method as shown in equation 2:  

 

where  is the step length,  the number of distinct collocation points and  the number of interpolation 

points. Our aim is to utilize not only the interpolation point but also several collocation point on the 

interpolation interval and to fit  for  and .We impose the following conditions: 

                                                                 (3) 

                                                                (4)                                

                                                            (5) 

 Where {  are collocation points distributed on the step-points array,  is the interpolation data of 

 on  and , are the collocation data of  and    respectively 

on{ . Expressing equations (3), (4) and (5)   in the matrix-vector form gives: 

                                               D                                                                            (6) 

Where  is the identity matrix of dimension . The matrix D is defined as  

 

 

                                          (8) 

 

The columns of with aids of MAPLE 18 we will obtain the continuous coefficient  , , 

 and the continuous scheme. 

 

                                                 (9) 
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The matrix D of the method is expressed as: 

 

Using maple software package gives the columns of   which are the elements of the matrix . The 

elements of  are then used to generate the values of continuous coefficient: 

 

                                                      (10) 

The values of the continuous coefficient (8) of the method six-step non-hybrid block scheme are given as: 
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Evaluating (9) at point , , , and at    and obtain 

the following  six discrete methods which constitute the new six- step non-hybrid  block method. 
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Order and error constant of the new method 

The order and error constants was defined following the method of Chollom et al. (2014). The order and 

error constants of the new method is obtained using 

                                        (11) 

The equation can be written in Taylor series expansion about the point  to obtain the expression 

            (12) 

Where the constants  are given as follows: 

 

 

                                                                                        (13) 

Hence, Equation (11) is of order p if,  

But                                                                                                                    (14) 

The truncation error is then given as  in which  comparing the coefficient of  gives 

 

Definition: A numerical method is said to be consistent if it is of order greater than one (Lambert, 

1991). 

Definition: A numerical method is said to be A-stable if the whole of the left-half plane  is 

contained in the region.  Where  is called the stability polynomial of the method 

(Lambert, 1973) 
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Definition: A convergence of the new block methods is determined using the approach by Fatunla (1991) 

and Chollom et al. (2007) for linear multistep methods, where the block methods are represented in single 

block, r point multistep method of the form 

                                                   (15) 

Where  is a fixed mesh size within a block,  are  identity while 

 are vectors of numerical estimates. 

The block method can be expressed in the form of (15) gives 
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                                               (16) 
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Where 
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Substituting  and  into (15) gives the characteristic polynomial of the block 

method ) 

 

  

 

 

Therefore, .The block method (15) by definition is A-stable and 

by Henrici (1962) the block method is convergent. 
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This is obtained with Maple 18 software, hence using Mat lab R2008b software we obtained the region of 

absolute stability as shown in Figure 1 below. 

 

Figure 1: Region of Absolute Stability for the Method   

3.  NUMERICAL EXPERIMENT 

Numerical results on some problems 

 Example 1:  

 

 

 

                   Exact     

  +  

 -   

   

Example 2:  

   

                          Exact     

 

Example 3:  

   

                          Exact     
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Table 1: The Absolute errors of the proposed numerical method solving Example 1 over the interval 

  

 ERRORS IN PROPOSED METHOD 

    

 

1.21445E-11 9.34180E-10 

 

9.34180E-11 

 

 

3.01362E-11 2.89010E-09 

 

2.88901E-10 

 

 

8.01496E-11 8.00544E-09 

 

8.00544E-10 

 

 

2.18123E-10 2.18656E-08 

 

2.18656E-09 

 

 

5.94608E-10 5.96084E-08 

 

5.96084E-09 

 

 

1.62060E-09 1.62458E-07 

 

1.62458E-08 

 

 

4.41664E-09 4.42752E-07 

 

4.42752E-08 

 

 

1.20367E-08 1.20664E-06 

 

1.20664E-07 

 

 

3.28039E-08 3.28848E-06 

 

3.28848E-07 

 

 

8.94008E-08 8.96212E-06 

 

8.96212E-07 

 

 

 

Table 2: The Absolute errors of the proposed numerical method solving Example 2 over the interval 

  
 

ERRORS IN PROPOSED METHOD 

   

 

5.48220E-07 

 

1.39584E-08 

 

 

5.08905E-08 7.66810E-09 

 

 

1.95076E-09 3.00641E-09 

 

 

3.56654E-09 1.06065E-09 

 

 

       1.71483E-09 
 

3.57053E-10 

 

 

6.91775E-10 1.16718E-10 

 

 

2.65141E-10 3.71614E-11 

 

 

9.98820E-11 1.14713E-11 

 

 

3.73978E-11 3.39313E-12 

 

 

1.39719E-11 9.38855E-13 
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Table 3: The Absolute errors of the proposed numerical method solving Example 3 over the interval 
  

 
ERRORS IN PROPOSED METHOD 

   

 

2.09739E-12 6.58647E-13 

 

1.60427E-11 2.13817E-12 

 

1.18629E-10 5.94678E-12 

 

8.76576E-10 1.62096E-11 

 

6.47709E-09 4.40775E-11 

 

4.78596E-08 1.19822E-10 

 

3.53637E-07 3.25713E-10 

 

2.61305E-06 8.85387E-10 

 

1.93079E-05 2.40674E-09 

 

1.42667E-04 

 

6.54219E-09 

 

Table 4: Comparison of the absolute errors between the proposed method and the method presented in 

Donald et al. (2022) over the interval   

 ERRORS IN PROPOSED METHOD  ERRORS  IN DONALD ET AL. (2022) 

      

 

1.21445E-11 9.34180E-10 

 

9.34180E-11 

 

3.81739E-05 8.10845E-02 

 

3.01362E-11 2.89010E-09 

 

2.88901E-10 

 

2.22653E-04 1.88071E-03 

 

8.01496E-11 8.00544E-09 

 

8.00544E-10 

 

1.51000E-06 1.27320E-05 

 

2.18123E-10 2.18656E-08 

 

2.18656E-09 

 

7.00000E-08 4.40000E-07 

 

5.94608E-10 5.96084E-08 

 

5.96084E-09 

 

1.00000E-09 3.00000E-09 

 

1.62060E-09 1.62458E-07 

 

1.62458E-08 

 

0.00000E+00 0.00000E+00 

 

4.41664E-09 4.42752E-07 

 

4.42752E-08 

 

1.70000E-09 1.00000E-10 

 

1.20367E-08 1.20664E-06 

 

1.20664E-07 

 

2.00000E-10 1.70000E-09 

 

3.28039E-08 3.28848E-06 

 

3.28848E-07 

 

4.00000E-10 1.00000E-10 

 

8.94008E-08 8.96212E-06 

 

8.96212E-07 

 

3.00000E-10 1.30000E-09 
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Table 5: Comparison of the absolute errors between the proposed method with the method presented in 

Mohammed (2011) in Standard Adams Moulton Method over the interval  
 

ERROR IN  PROPOSED  METHOD ERROR IN MOHAMMED 

(2011) 

ERROR IN STANDARD 

ADAMS MOULTON METHOD 

   

  

 

5.48220E-07 

 

1.39584E-08 

 

7.9958000E-05 

 

4.1836E-05 

 

5.08905E-08 7.66810E-09 

 

9.9035000E-05 5.516E-06 

 

1.95076E-09 3.00641E-09 

 

1.0865900E-04 1.012615E-03 

 

3.56654E-09 1.06065E-09 

 

1.2054400E-04 2.278645E-03 

 

1.71483E-09 
 

3.57053E-10 

 

1.3243700E-04 1.522784E-03 

 

6.91775E-10 1.16718E-10 

 

2.7818900E-04 2.998418E-03 

 

2.65141E-10 3.71614E-11 

 

3.2503600E-04 1.214683E-03 

 

9.98820E-11 1.14713E-11 

 

3.5791200E-04 7.120382E-03 

 

3.73978E-11 3.39313E-12 

 

3.9630900E-04 9.837978E-03 

 

1.39719E-11 9.38855E-13 

 

4.3703900E-04 1.292385E02 

 

Figure 1 is achieved by applying the developed method to the linear test equation  and then analyze 

the resulting iteration to find the set of complex values  for which the method produces a decaying 

or stable solution. Table 1, Table 2 and Table 3 the numerical results showed excellent agreement with the 

exact solution. The absolute errors remained small and well-behaved over the interval, demonstrating the 

accuracy and reliability of the proposed method for solving the given stiff systems. While Table 4 

demonstrates that the constructed method yields better results compared to Donald et al. (2022), Mohammed 

(2011) and Standard Adams Moulton Method. 

4.  CONCLUSION 

In this research, the construct six –step non-hybrid block scheme linear multistep method with continuous 

coefficients for the approximate solution of first order stiff ordinary differential equation with initial 

conditions. Three numerical examples have been considered to test the efficiency and accuracy of our 

methods. This was achieved on account of good stability properties of the new block method and MATLAB 

codes were being written to test the numerical performance of the block method. The improvement highlights 

the method’s reliability and potential for solving stiff ordinary differential equations more efficient, 

especially in cases where precision is critical. 
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