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FORWARD

The third edition of the International Conference on Engineering and Environmental Sciences (ICEES 2024)
was co-hosted by the Faculty of Engineering and the Faculty of Environmental Sciences of Osun State
University, Osogbo from 25%-28t* November, 2024. The Conference with the theme ‘Innovative Technology
for Resource Ultilization and Environmental Sustainability’ took place as the Sustainable Development Goals
(SDGs) is gaining general awareness and momentum across the globe as the challenges of climate change,
dwindling natural resources and ever growing world population keeps on mounting. The conference which
had both on-site and online participants from within and outside Nigeria provided opportunities to foster
interactions and collaborations among members of academia, industries and stakeholders across the globe,
with a view to proffering informed solutions to these challenges both at local level as well as globally.

ICEES24 bring to the fore the need to innovate new approaches to how we extract natural resources and
utilize it in a way that is sustainable and less demanding on the environment. To these end, submissions was
received based on the well spelt out sub-themes of the conference which are; resource efficiency and circular
economy, clean energy and sustainable infrastructure, climate change mitigation and adaptation, water
resource management and sanitation, emerging technologies and disruptive innovation, social equity and
environmental justice, renewable energy technologies, as well as resource optimization and modeling. During
the conference, local, national and international participants demonstrated various approaches to the
solutions theoretically, empirically and numerically.

Having evaluated, revised and edited the various submissions by the participants to produce this publication,
readers of this Conference Proceedings will find in it intellectual treasures. It is our hope that they will also
derive from it, inspiration for areas of further research to expand the frontiers of knowledge and produce
qualitative works to qualify for the next edition of the ICEES conference.

Finally, our immense appreciations go to the members of the local organizing committee as well as the local,

national and international participants for using their time, energy and material resources to make the event

worthwhile.

Engt. Dr. L.A. Adejumo
Ag. Dean, Faculty of Engineering
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Abstract

Many real-world and social problems give rise to product index nonlinear simultaneons equations, which traditional solution
methods, whether direct or iterative, fail to solve effectively. These equations appear in diverse fields, necessitating a specialized
approach to ensure accurate and efficient solutions. Excisting methods for solving linear simultaneons equations are insufficient for
addressing product index nonlinear simultaneous equations. Given their frequent occurrence in practical applications, there is a
need to develop a systematic and efficient approach tailored to solving these complex: equations. This study introduces Kifilideen’s
Rule, a groundbreaking approach for solving product index nonlinear simultaneous equations involving two, three, four, and n
variables. The objective is to establish a reliable, efficient, and mathematically rigorous method that overcomes the limitations of
conventional techniques. The formulation of Kifilideen's Rule is based on elimination methods, the laws of indices, and matrix
theory, including cofactors and determinants. These mathematical principles are systematically applied to construct a general
Sframework for solving product index nonlinear simultaneons equations. The proposed method successfully establishes a general
solution for N —variable product index nonlinear simultaneous equations, demonstrating its superiority over traditional
techniques in handling multiplication-based systems. Kifilideen’s Rule offers an efficient, precise, and practical solution for complex
nonlinear simultaneous equations. Its direct and exact approach makes it highly valuable for students, researchers, and
professionals working in fields that require highly accurate mathematical modeling.

Keywords: Kifilideen’s Rule, Product index nonlinear system, Simultaneous Equations, Product of Bi-
Indexes, Product of Tri-Indexes, Kifilideen’s Geometric Matrix Progression Sequence

Introduction

The concept of simultaneous equations, also known as systems of equations, has a long and rich history,
dating back to ancient civilizations (Grear, 2011a; Khushbu and Poonia, 2021). Babylonian mathematicians
recorded solutions to linear equations on clay tablets, applying algebraic methods to practical problems such
as land distribution and trade (Zara, 2008). Similarly, the Rhind Papyrus (1650 BCE) contains early Egyptian
examples of solving linear systems (Fribera, 2008). The Greeks, particularly Diophantus of Alexandria, made
significant contributions to algebra, laying the foundation for future developments (Sfard, 1995; Rahaman,
2022; Rizos and Gkrekas, 2022).

During the Islamic Golden Age, scholars like Al-Khwarizmi and Omar Khayyam expanded on Greek and
Indian mathematics, introducing more structured algebraic methods. Their work influenced later European
mathematicians, including Girolamo Cardano, who formalized approaches to solving linear equations (Baki,
1992; Heeffer and Rothman, 2014; Oaks, 2021; Kabar, 2023). The Cartesian coordinate system, introduced by
René Descartes, provided a geometric interpretation of simultaneous equations (Neovius, 2013).

In the 18th century, Swiss mathematician Leonhard Euler developed the method of substitution for solving
systems of linear equations (Carmine, 2021). Later, Catl Friedrich Gauss developed the elimination method, a
widely used technique today (Grear, 2011a; Grear, 2011b). The 20% century saw the development of matrix
theory, linear independence, and computational algorithms, advancing the study and application of
simultaneous equations in fields like engineering, physics, economics, and computer science.
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While numerous techniques exist for solving linear simultaneous equations, including Cramer’s rule, Gaussian
elimination, Jacobian method, Gauss-Seidel iteration, LU decomposition, and matrix inversion, these
methods are inadequate for solving product index nonlinear simultaneous equations (Samuel, 2011; Woollard
, 2015; Osanyinpeju, 2024, Osanyinpeju, 2025). A product index nonlinear simultaneous equation consists of
multiple nonlinear equations in which variables appear as products raised to exponents or where each
equation represents a product of variables raised to specific powers. These equations frequently arise in real-
world applications, including geometric progressions, population growth, nuclear fission, economic models,
and resource allocation. Traditional direct or iterative methods struggle to efficiently handle these nonlinear
systems, necessitating the development of a more systematic approach.

A general n — variable product index nonlinear simultaneous equation is expressed as:

a’ xmx.xg%=k
1) |
atxm/ x .x gl =i

@

a?xmix..xg =f

€

Where:
e a,m,.., g are the variables (components/inputs of the system).
e b, ..,def,...J,pq .., 1 represent the respective units or quantities of the variables
e k,i,..,f are the output values

This equation structure appears in geometric matrix sequences, nuclear fission models, geometric salary
structure, and production models where variables grow multiplicatively rather than additively.

To address the challenge of solving product index nonlinear simultaneous equations, Kifilideen’s Rule is
introduced. This method leverages the Kifilideen’s Geometric Matrix Progtression Sequence (GMPS) to
provide a structured framework for analyzing multiplication-based simultaneous equations.

The GMPS follows the Kifilideen’s General Term Formula (Osanyinpeju, 2021. Osanyinpeju, 2024):

fXk*xi™=T,

S

Where:
e T, is the nth term

k is the migration level value
[ is the migration step value
a and m are the migration factors

f is the first term of the sequence

The GMPS originates from the Kifilideen’s Arithmetic Matrix Progression Sequence (AMPS) and is further
generalized from the Kifilideen’s Trinomial Theorem (Osanyinpeju 2020a; Osanyinpeju 2020b; Osanyinpeju,
2023). The rule enables efficient determination of variable contributions in geometric growth models, making
it valuable for applications in forecasting, optimization, and resoutce allocation.
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Kifilideen’s Rule is particularly using in scenarios involving multiplicative growth patterns, including:
e Population Growth: Analyzing bacteria growth, species reproduction, or economic inflation.
e Nuclear Fission: Determining neutron production in a nuclear reactor over successive generations.
e  Salary Structures: Predicting salary progression in industries following a geometric increment model.
e  Geometric Sequences in Engineering: Modeling component reliability and failure rates over time

For instance, in a nuclear fission scenario, where different nuclear fuels produce varying numbers of neutrons
over multiple generations, the governing equations could be:

nlgl X nzgz = k
©)
nlg3 X nzg4 — f

©)

Where:

e Ny, n,; (Number of neutrons per Fission Event):
® The number of neutrons produced from the fission of a single atom of a given nuclear fuel.
e 1, represents the neutrons released by fuel 1, and 1, represents those released by fuel 2.

* 01,92, 93 9s Number of Generations of Neutrons Produced):
¢ The number of successive fission events where neutrons are produced and induced further reactions.
® g1, 93 correspond to the number of generations for fuel 1, while g,, g4 correspond to the number of

generations for fuel 2.

e k,f (Total Number of Neutrons produced in the System at Each Level)

¢ The total neutron population at different levels of system.

e k represents the total neutron count in one scenario, while f represents alteratuve scenario with
different neutron generation conditions.

These equations describe how neutron multiplication progresses over multiple generations in a nuclear
reactor, helping determine the effectiveness of different fuels in sustaining a chain reaction. Kifilideen’s Rule
identifies nuclear fuel that produces the most neutrons, optimizing reactor efficiency. This study introduces
Kifilideen’s Rule, a groundbreaking approach for solving product index nonlinear simultaneous equations
involving two, three, four, and n variables. The study aims to develop and validate Kifilideen’s Rule, bridging
the gap in mathematical approaches to product index nonlinear simultaneous and expanding its applicability
in scientific and engineering domains.

Materials and Methods

The formulation of Kifilideen’s Rule is based on elimination methods, the laws of indices, and matrix theory,
including cofactors and determinants. These mathematical principles are systematically applied to construct a
general framework for solving product index nonlinear simultaneous equations.

Development of Kifilideen’s Rule for Solving Product Index Nonlinear Simultaneous Equations with
Two Variables
For a given product index nonlinear simultaneous equations with two variables, denoted as a and b such that:
a*b? =m,
)
a”b? =n,
®)
Where:
e g and b are the variables (components/inputs of the system).
e x,y,wand v represent the respective units or quantities of the variables

3
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e m and n are the output values of the system

The generation of the Kifilideen’s Rule for solving product index nonlinear simultaneous equations with two
variables is illustrated as follow:
From (7) and (8), it is obtained that:

X 1

a’b =mv,

©)
w 1

avbh = nv,

(10)

To find a, eliminate b by dividing (9) with (10),
x_w Y

ay v =miyn_ v,
XV-Wy 1 _l

a »w =myn v,

a= mJl/ (xvyuy)n_%(xvyzvy)

a = m(xvfwy) n(xv_—J\ivy) S

)
From (7) and (8), the following is obtained:
y 1

abx = mx,
(12)
r 1
abw = nw,
(13)
To find b, eliminate a by dividing (12) with (13),
y v 11
bx w =mxn w,
yw—vx 1 _l
b xw = mxn w,

b= mx(yw 5w,

(yw vx)n(yw vx)

b = (vx yw) ( )
(14
From (7) and (8), the determinant of matrix of the input index system is represented as Ay and is given as:

b=y Y=
(15)

Also, let the matrix of the input index system represent kif, so the following can be determined:

(X Y\ _ (411 d12>
klf_(w v)_<d21 dyy)’

The components of the cofactor of kif are given as:

kifi, = cofactorofd,; = v,

(16)

kifi, = cofactorofd,, = —w,

(17)

kif,; = cofactorofd,; = —y,

(18)

kif,, = cofactorofd,, = x,

(19)

Inputting (15), (16), (17), (18), and (19) in (11), the corresponding relationship is established:
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)

a = m\2kif Jn\ Pkif ,

Inputting (15), (16), (17), (18), and (19) in (14), the corresponding relationship is established:
)

b = m\2kif Jn\ Lkif ,

Generally, the Kifilideen’s Rule for solving product index nonlinear simultaneous equations with two
variables, denoted as a and b such that:

a*byY =m,

a’b’ =n,

is given as:

(kifn) <kifz1>
a = m\2kif Jn\ Lkif

Formulation of of Kifilideen’s Rule for Solving Product Index Nonlinear Simultaneous Equations
with Three Variables
For a given product index nonlinear simultaneous equations with three variables, denoted as a, b and ¢ such
that:
atb’c9 =m,
(22)
a’bct =n,
(23)
a*b¥c* =p,
(24)
Where:
e a,b and c are the variables (components/inputs of the system).
e ¢,f,9,1,5tx,yand Z represent the respective units or quantities of the variables
e m,n and p are the output values of the system

The generation of the Kifilideen’s Rule for solving product index nonlinear simultaneous equations with three
variables is illustrated as follow:
From (22), it is obtained that:

e f 1

adbgc =m9,

(25)

From (23), it is obtained that:
T S 1

atbtc = nt,

(26)

And from (24), it is obtained that:
x y 1

azbzc = pE ,

27)

To eliminate ¢, divide (25) with (26) and (26) with (27), so the following can be determined:
Dividing (25) with (26), so the following equation is obtained:

er fs 1 1
ad thd t =mIn't,

et—gr ft—gs 1 1
a 9t b 9t =mIn ¢,
(28)
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et—gr t __4g
aft-9sh = mft-g9sn ft-gs s
(29)
Dividing (26) with (27), so the following is obtained:

rXx sy 1 1
at zbt z = n?p_E ,

rz—tx sz-yt 1 1
a tz b tz =ntp z,
30)

rZz—tx z _ t
asz-vth = nsz—ytp sz=y
(31

To find a, eliminate b by dividing (29) with (31), so the following is obtained:
et—gr rz—tx t g z t
aft-9 sz-y = mft-gsn ft-gs sz-y psz—yt ,

(et—gr)(sz—yt)-(rz—t )(ft-g ) t —g(sz—yt)-z(ft-g ) t

a Ut H(sz=yt) =mft-g n (Ft-gs)(sz-yt) pszyt
etsz— 2y—grsz+grty—(rztf—rzgs—xtzf+txg ) t —-gsz+gty—-zft+zg t

a ft= d(sz=yt) = mft-gsn (Ft-gs)(sz-y) pszy |
etsz—etzy—grsz+grty—rztf+rzgs+xt2f— txgs t gty—zft t

a (ft-gs)sz ) = mft-9 nUt-gs)sz-y )psz-yt
etsz—et2y+grty—rztf+ zf—txg t t(gy—zf) t

a (ft=g )(sz=y ) = mft-gsn(t-g )(sz—y )psz—yf s
t(esz—ety+gry-rzf+xtf-xg ) t t(gy-z ) t

a (ft=gs)(sz=y ) = mft-gsn(ft-gs)(sz—y )psz—

qész-ety+gry-rzf+xtf-xgs — msz—ytngy—zfpft—gs

qész-ety—fsr+xtf+gry-xg — ySz-yty,gy pft—gs

(32)

From (22), (23), and (24), the determinant of matrix of the input index system is represented as Ag;r and is

given as:
e f g
Akif: r s t
X y z

s t r t r s
(332) Agir=e |y Z| i |x Zl +g |x y|
Ayir=e(sz — yt) — f(rz — xt) + g(ry — sx) ,
Apir= esz — eyt — fzr + fxt + gry — gxs ,
(33b)
Also, let the matrix of the input index system represent kif, so the following can be determined:
e f g di1 diz diz
kif=|r s t|=(dy dy das],
Xy Zz d31 dz; ds3
The components of the cofactor of kif are given as:
t
kifi1 = cofactorofd,; = |; z| =sz—ty,
(34
kif,, = cofactorofd,,
(35)
r s
kifis = cofactorofd,; = |x y| =ry — sx,
(36)
kif,q = cofactorofd,,
37

_|r t

=—(rz—xt)=xt—rz,
v o =—lz—x0

—|§ "CZ] =-(fz-—gy)=9y—fz,




RD
3 INTERNATIONAL CONFERENCE ON ENGINEERING AND ENVIRONMENTAL SCIENCES (ICEES) 2024

kif,, = cofactorofd,, = |§ g| = ez — gx,

(38)

kif,3 = cofactorofd,; = — |Jec {/ = —(ey — fx) = fx—ey,
39)

kifs; = cofactorofds, = |7St £t7| = ft—gs,

(40)

kifs, = cofactorofds, = — |i ﬂ — —(et—7g) =719 —et,
(41)

kifsz = cofactorofdsz = |i fscl = es — fr,

(42)

Inputting (33), (34), (35), (36), (37), (38), (39), (40), (41), and (42) in (32), the corresponding relationship is
established:
alkif = mkifunkifaipkifss)

<kif11) <kifz1> <kif31)
a = m\2kif Jn\ Lkif p Dkif ,

43)
From (28), the following can be determined:
et—-gr ft—gs 1 1
a 9t b 9t =mIn ¢t
(28)
ft-g t 9
abet-97 = met-9 n et—gr,
(44)
From (30), the following can be obtained:
rz—t sz—-yt 1 1
a tz b tz =ntp z,
30)
sz—yt z t
abrz—tx = nrz—txp rz—tx ,
(45)
To find b, I eliminate a by dividing (44) with (45), so the following is obtained:
ft— sz—yt t g z t
bet-g rz—t — ynet-grn et—g rz—txprz_tx ,
(ft—gs)(rz—t )—(et—gr)(sz—yt) t —g(rz—tx)—z(et—-g ) t
b (et—gr)(rz—tx) = met-grn (et—gr)(rz—t ) prz—tx ,
ftrz— 2x—gsrz+gstx—(etsz—etyt—grsz+gryt) t —-grz+gtx—zet+zgr t
b (et—gr)(rz—tx) = met-grn (et—gr)(rz-t ) prz—tx R
ftrz—ft2x+gstx—etsz+et2y—gry t gtx—zet t
b (et—g )(rz—tx) = met-9 nlet-g )rz-tIprz—t
—etsz+e 2y—grty+rztf—xt2f+txg t t(gx-z ) t
b (et-g )Y(rz ) = met-grn (et-gN(rz—t Iprz—tx |
—t(esz—ety+gry—-rzf+xtf—xgs) t t(gx—ze) t
b (et—g )(rz—t ) = met-grnlet-gn(rz-t )prz—tx |
—t(esz—ety+gry—-rzf+xtf-x ) t t(gx—ze) t
b (et—gr)(rz—tx) = met-grnlet-g )rz-t Jprz—tx |
besz—ety+gry—rzf+xtf—xg — m—(rz—tx)n—(gx—ze)p—(rt—g )
besz—ety—fsr+xtf+gry — m—(rz—tx)nez—gxp—(rt—gr)
(40)

Inputting (33), (34), (35), (36), (37), (38), (39), (40), (41), and (42) in (406), the corresponding relationship is
established:
bAkif — mkif12nkif22pkif32’
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(kif1z> <kif22> (kif3z>
b = m\2kif Jn\ Lkif p Akif )

(47)

From (22), it is obtained that:
e g 1

a‘bcf =m/f,

(48)

From (23), it is obtained that:
r t 1

asbcs = ns,

*9)

And from (24), it is obtained that:
X Z 1

avbcy = p;,

(0)

To eliminate b, divide (48) with (49) and (49) with (50), so the following is obtained:
Dividing (48) with (49), so the following equation is formulated:
11

ergt 1
alf scf s=mins,
es—fr gs—ft 1 1
afscfs =mins |
G

gs—ft s f
aces—fr = mes—frn es—fr ,
(52)

Dividing (49) with (50), so the following equation is formulated:
r x t z 1 1

ry—sx ty-sz 1 _1
a sy c sy = ngp v,
43)
ty—sz y S
aAcry—sx = nry—sxp ry=sx
4

To find ¢, eliminate a by dividing (52) with (54), so the following can be determined:
gs—ft ty-sz s f y s
ces—fr ry-sx = mes—frn es-fr ry—sxPry—sx R

(gs—f)ry—sx)—(ty—sz)(es—fT) s —fry—sx)-y(es—fr) s

c (es—fr)(ry—sx) = mes—frn (es—fr)(ry-sx) pry—sx ,
gsry—gszx—ftry+ftsx—(tyes—tyfr—eszz+szfr) s —fry+fsx—yes+ s

c (es—fr)(ry—sx) = mes—frn (es—fr)(ry-sx) pry—sx ,
gsry—gszx—ftry+ftsx—tyes+tyfr+eszz—szfr s fsx—-yes s

c (es—fr)(ry-s ) = mes-frnles—f )oy=s )pry=s
eszz—tyes+gsry—szfr+ftsx—g52x s s(fx—ye) s

c (es—fr)(ry—sx) = mes—frn(es—fr)(ry-s )pry—sx ,
s(esz—ety+gry—-rzf+xtf—xgs) S s(fx—ye) s

c (es—fr)(ry—sx) = mes—f n(es—fr)(ry—sx)pry—sx ,

Cesz—ety+gry—rzf+xtf—xgs — mry—sxnfx—y pes—fr ,

Cesz—ety—fsr+xtf+gry—xgs — mry—sxnfx—yepes—fr ,

(55

Inputting (33), (34), (35), (36), (37), (38), (39), (40), (41), and (42) in (55), the corresponding relationship is
established:

CAkif = mkifISnkif23pkif33 s

<kif13> <kifz3> <kif33)
¢ = m\2kif Jn\ Lkif p Dkif ,

(56)
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Generally, Kifilideen’s Rule or Model for solving product index nonlinear simultaneous equations with three
variables, denoted as a, b and c, in the form:

ab’cd=m

a’bSct=n,

a*bYc* =p,

is given as:

(kifn) <kifz1> (kif31>
a = m\2kif Jn\ Lkif p Akif )

<kif1z) <kifzz> <kifsz)
b = m\2kif Jn\ 2kif p Dkif ,

<kif13> <kifz3> <kif33)
¢ = m\2kif Jn\ Lkif p Dkif ,

Generally, Kifilideen’s Rule or Model for solving product tetra-index nonlinear simultaneous equations with
four variables, denoted as a, b, ¢ and d, in the form:

atbfc9d" =m,

a’bsctd) =n,

a*b¥Yc?d' =p,

a*bvcVd* = q,

is given as:

(), (52) (52) (5k2)
a = m\2kif Jn\ Lkif D Dkif q
<klf1z) <kifzz> <kifsz) <kif4z>
b= Bkif )\ Lkif p Dkif q Akif ,
<ktf13> <kifz3> <kif33) <kif43>
= Akif )\ Pkif p Dkif q Agif
kifia\ (Kifza\ (Kifsa) (Kifas
d:m(Akif)n(Akif) (Akif) (Akif)’

Results
The Kifilideen’s Rule was implemented as a model for solving complex problems involving product index
nonlinear simultaneous equations with two and three variables. Furthermore, the general solution for solving

kif3q kifa1

Agif
’

p q

product n —indexes nonlinear simultaneous equations with n variables using Kifilideen’s Rule was unveiled.
The proposed method successively establishes a comprehensive approach, demonstrating its effectiveness
and superiority over traditional techniques in handling multiplication-based systems.

Implementation of Kifilideen’s Rule for solving product bi-index nonlinear simultaneous equations
with two variables

1. Solve the product bi-index nonlinear simultaneous equations with two variables using Kifilideen’s Rule
given that:

x°y? =288,
G7)
x3y* =648,
(58)
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Solution
The Ay;r= the determinant of matrix of the input index system

Akifz g ‘21-|=20—6,
Akif= 14 B
kif =the matrix of the input index system
. 5 2 aip Qg2
kif = (3 4) - (az1 azz)'
The components of the cofactor of kif are given as:
kifi, = cofactor of a;; = 4,
kifi, = cofactor of a1, = —3,
kif,1 = cofactor of a,; = —2,
kif,, = cofactor of a,; =5,

Using Kifilideen’s Rule, the following equations are obtained:

(kifn) (kif21)
x = m\Bkif I\ Bkir

X = 288(1%)648(5),
1
x = (288%64872)14,

1

x = (16384)14,
x =2,

()
y=m Akif )\ Pkif ,

1
y = (28873648%)11,
1

y = (4782969)14,
y=3,
So,x =2andy = 3.
The implementation of Kifilideen’s Rule for solving product bi-index nonlinear simultaneous equations with
two variables

is short, effective, accurate and easy to understand and comprehend. It can also be applied if the indexes are
negative values.

)

Utilization of Kifilideen’s Rule for solving product tri-index simultaneous equations with three
variables

2. Solve the product tri-index simultaneous equations with three variables using Kifilideen’s Rule given that:
r3s*t? = 18,000,

©9)

rls®t® = 116,640,

(60)

r?s3t! = 600,

(61)

Solution

The Agjr= the determinant of matrix of the input index system
3 4 2

Akifz 1 5 6
2 3 1

dar=3[5 9 =4[, 1+,

Arip=3(5 — 18) — 4(1 — 12) + 2(3 — 10),

10
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Apig= 3(—13) — 4(—11) + 2(-7),

Akifz —39 + 44 — 14,

Akif= —9,

kif =the matrix of the input index system
3 4 2 ai1 Q12 Qg3

kif = (1 5 6) = <a21 Qaz2 a23>
2 3 1 az1 04z 0433

The components of the cofactor of kif are given as:

5 6

kifi, = cofactor of a1 = 3 1= 5—-18 =-13,

kifi, = cofactor of a,, = — ; ? =—(1-12) =11,
kifi3 = cofactor of a3 = ; g =3-10=-7,

kif,1 = cofactor of a;; = — g i =—(4-6)=2,
kif,, = cofactor of a,, = ; i =3—-4=-1,

kif,3 = cofactor of a3 = — ; ;} =—(9-8)=-1,
kif;1 = cofactor of az; = g 2 =24 -10 = 14,

kifs, = cofactor of az, = — i 2 =—(18—-2) = —16,
kif;3 = cofactor of azz = i g =15-4=11 ,

Using Kifilideen’s Rule, so the following equations are obtained:
<kif11) <kifz1> <kif31)

r = m\*if Jp\2kif Jp\ Skif
-1
r = (18,000713 x 116,640 2 x 6001*)79,
1
r = (18,0003 x 116,640 ~2 x 600 ~1%)5,

>

r = (1953125)5,
r = 5, . . .
s = mimar (5t (5F)

-1

s = (18,000 x 116,640 =1 x 600 ~16)%
1

s = (18,0007 x 116,640 1 x 600 )5,

1
= (512)s,
=2,
<kif13> (kifz3> <kif33>
t = m\2kif Jp\ Bkir p Akif ,
-1
t = (18,00077 x 116,640 ~1 x 600 11)%
1
t = (18,0007 X 116,640 x 600 ~11)s,
1
t = (18683)9,
t =3,
So,r=05, s=2andt = 3.

The utilization of Kifilideen’s Rule or Model for solving product tri-index simultaneous equations with three
variables demonstrates that the model is simple, accurate, and exact. It is also intuitive, straightforward, easy

S
S

11
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to understand, and highly effective, making it an interesting and practical approach for solving complex
mathematical problems. It can also be applied if the indexes are negative values.

Significance of Kifilideen’s Rule in solving product index nonlinear simultaneous equations

The Kifilideen’s Rule plays a crucial role in solving product index nonlinear simultaneous equations involving
two, three, and 7 variables. Its significance extends across various disciplines, including population growth
analysis, neutron-nuclear reactor analysis, forecasting, finance, chemistry, agriculture, biology, computer
science, physics, engineering, industry, manufacturing company and game design.

One of its primary applications is in modeling population growth, particularly when it follows a geometric
pattern of factor changes over time. For instance, consider a bactetial population F,, where:
e The first bacterium grows by a factor x each for n cycles, the second for m cycles, and the third for
v cycles.
e Subsequently, the same bacteria start growing by a different factor y for u, p and q cycles
respectively. At the end of these stages, the total populations of the three bacteria Py, P, and P3 are

given by:
P, =P, x™"yY,
P, = P, x™yP and
P3 = PO xqu.

Using Kifilideen’s Rule, the values of the growth factors x and y, as well as the initial population F,, can be
determined precisely, avoiding complex iterative computation.

Beyond population dynamics, Kifilideen’s Rule applies to systems that exhibit geometric growth. For
example, in economic analysis, the cost of goods may increase by a specific factor at one level for a certain
number of cycles and another factor at a higher level. Kifilideen’s Rule helps determine these growth factors
and initial value before escalation.

Kifilideen’s Rule can also be employed to solve geometric sequence problem of the form:

T, =ar™*?!

Where, a is the first term and 7" is the common ratio. This results in product bi-index simultaneous equations
with two variables (Xin and Wei, 2018; Liao et al., 2022). The Kifilideen’s Rule efficiently determine the value
a and 1, which has practical implications in engineering and industrial design. For example, in
manufacturing, products are often designed in multiple levels or steps. Within each level, the size of a product
may increase by a specific factor, and across levels, another scaling factor may apply. Kifilideen’s Rule helps
compute these growth ratios, ensuring precise product design and optimization. Additionally, it allows for the
determination of the initial product size before modifications.

In salary structure, that follows geometric sequence, Kifilideen’s Rule aids in breaking down salary
components, identifying incremental growth factors, and predicting future salary levels with accuracy.

Benefits of Kifilideen’s Rule in solving product index nonlinear simultaneous equations

1. Structured Problem-Solving: Provides a systematic approach for solving nonlinear simultaneous equations
involving geometric multiplication.

2. Forecasting and Prediction: Useful in trend analysis across various scientific and economic domains.

3. Simplification of Complex Computations: Reduces intricate problems into manageable equations with
exact solutions.

4. Enhancement of Analytical and Cognitive Skills: Encourages critical thinking and logical reasoning.

5. Efficiency and Accuracy: Eliminates trial-and-error approaches, improving the speed and precision of
problem-solving.

12
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Application of Kifilideen’s Rule to solve multiplication of bi-indexes and tri-indexes simultaneous
equations of two variables and three variables respectively

(1) Three bactetia of population, P, increase by a factor of x each for 5 times for first bacteria, 2 times for
second bacteria and 4 times for third bacteria respectively and later on the population of the three bacteria
start to increase by a factor of y each for 3 times for first bacteria, 6 times for second bacteria and 2 times for
third bacteria respectively. At the end of the 3 times, 6 times and 2 times multiplication of the population of
the three bacteria respectively, the total populations of the three bacteria are P; = 432, 000,P, =
1,458,000 and P; = 72,000 respectively. Determine the

(i) initial population, P, of each of the bacteria,

(ii) the factors, x of the population growth,

(iii) the factors, ¥ of the population growth.

Solution

The mathematical equations of the population growth of the three bacteria are given as:
P, =P, x°y3 = 432,000,

P, = P, x?y® = 1,458,000 and

P; =P, x*y? = 72,000.

The Agjr= the determinant of matrix of the input index system

1 5 3
Akifz 1 2 6
1

4 2

2 6 1 6 1 2
bar=1y =5l Hl+3l; §
Apip=1(4—24) —5(2—-6) +3(4 — 2),
Agip= 1(=20) — 5(—4) + 3(2),
Apip=—20+20+6,
Akif= 6,
kif =the matrix of the input index system

1 5 3 a1 Q12 Qg3
kif =11 2 6]=(Q21 a2 a3
1 4 2 a3z1 dzz dzz

The components of the cofactor of kif are given as:

kifi, = cofactor of a1 = i g =4 —24=-20,
kifi, = cofactor of a,, = — 1 g =—(2-6) =4,
kifi3 = cofactor of a3 = i i =4-2=2,

kif,1 = cofactor of a;; = — i ; =—(10-12) =2,
kif,, = cofactor of a,, = 1 g =2-3=-1,

kif,3 = cofactor of a3 = — i Z =—(4-5)=1,
kif;1 = cofactor of a3 = g 2 =30—-6 =24,

kifs, = cofactor of az, = — 1 2 =—(6—-3)=-3,
kif;3 = cofactor of azz = i g =2-5=-3 ,

Using Kifilideen’s Rule, so the following are obtained:

13
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(55 s o025 an
P, = (432,000)\ “if /(1,458,000)\**ir /(72,000)\ *kif /,
(%) ©) (%)
P, = (432,000)\"6 /(1,458,000)\6/(72,000)\6/,
1
P, = ((432,000)72 (1,458,000)2(72,000)%*)s,

1
P, = (1.5625 x 106)s,
P, =initial population of each of the bacteria= 500,
(kif12) (kifzz) (kifsz)
x = (432,000)\2kif/(1,458,000)\2kif /(72,000)\2kir /,

4 -1 -3
x = (432,000)(6)(1,458,000)(?)(72, 000)(?),
X = ((432,000)4(1,458,000)—1(72,000)—3)§,

1
x = (64)s,
x=2
The factors, x of the population growth = 2

(kif13) (kif23) (kifas)
y = (432,000)\ ir /(1,458,000)\ 4if /(72,000)\ Air /,

®) 6 (%)
y = (432,000)\6/(1,458,000)\6/(72,000)\6 ),
y = ((432,000)%(1,458,000)(72,000)~3)s,

y = (729)s,

y=3
The factors, Yy of the population growth = 3

(2) The initial salary of a staff in an organization is Na. If the salary of the staff is increasing geometrically as
the staff migrates from his initial organization to higher organizations due to the complexity of the nature of
work carry out by the staff in the higher organizations. After the increase in salary of the staff by a factor of u
for 4 times as the staff migrates to higher organizations, the staff is receiving ¥480, 000. If after the increase
in salary of the staff by a factor of u for 7 times as the staff migrates to higher organizations, the staff is
receiving §3, 840, 000. Determine the

(i) the initial salary of the staff, ¥a in the first organization,

(ii) the factor, u, at which the salary of the staff is increasing.

Solution

The mathematical equations of the salary growth of staff are given as:
au* = ¥480, 000,

au’ = ¥3,840,000,

The Ay;r= the determinant of matrix of the input index system
1 4
Dyip= |1 7| =7-4,
Akifz 3 )
kif =the matrix of the input index system
(1 4\ _ (A1 412
kif = (1 7) - (‘121 azz)'
The components of the cofactor of kif are given as:
kifi, = cofactor of a;1 =7,
kifi, = cofactor of a1, = —1,
kif,1 = cofactor of a,; = —4,
kif,, = cofactor of a,, =1,
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Using Kifilideen’s Rule, so the following are obtained:
(kifn) (kif21)
Na = (480,000)\2xir/(3,840,000)\ ki /,

(3) ()
Na = (480,000)\3)(3,840,000)\3

1
Na = ((480,000)7(3,840,000))3,

1
Na = (2.7 x 1013)3,
Na = ¥30,000,
The initial salary of the staff, ¥a in the first organization= ¥30, 000
(&) (222)
u = (480,000)\2kir /(3,840,000)\ 2kif /,

(%) (3)
u = (480,000)\3)(3,840,000)\3
1
u = ((480,000)1(3,840,000)1)3,
1

u= (8)5,
u=2,
The factor, U, at which the salary of the staff is increasing= 2

Let us give the following theorem without proof

Theorem. Let the following equation be the system.

n
t1i _
| |x1i = by,
i=1
n
12 = b, ,wh z+
x,3 = b, ,wheren €
i=1
n
tni —
| |x1i = by,
i=1

If the solution of the system of equations has only one solution, then
kif i1)
)

ﬁ (
X11 = b\ ks
i=1

n kifiz)

X12 = Hbi(AW
i=1

n kl_f”l)
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The proposed method successively establishes a comprehensive approach, demonstrating its effectiveness
and superiority over traditional techniques in handling multiplication-based systems.

Conclusion

This study introduces Kifilideen’s Rule, a groundbreaking approach for solving product index nonlinear
simultaneous equations involving two, three, four, and n variables. The objective is to establish a reliable,
efficient, and mathematically rigorous method that overcomes the limitations of conventional techniques. The
formulation of Kifilideen’s Rule is based on elimination methods, the laws of indices, and matrix theory,
including cofactors and determinants. These mathematical principles are systematically applied to construct a
general framework for solving product index nonlinear simultaneous equations. The proposed method
successfully establishes a general solution for n —variable product index nonlinear simultaneous equations,
demonstrating its superiority over traditional techniques in handling multiplication-based systems. Kifilideen’s
Rule offers an efficient, precise, and practical solution for complex nonlinear simultaneous equations. Its
direct and exact approach makes it highly valuable for students, researchers, and professionals in fields that
require highly accurate mathematical modeling. Kifilideen’s Rule provides a systematic and efficient
framework for solving product index simultaneous equations, enabling analysis of variables contributing to a
system’s output.
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Abstract

Mathematical sequences plays a crucial role in structuring systems across industries, including product design and economic
distribution. Traditional arithmetic progression models impose rigid constraints that limit flexibility and inclusivity. Kifilideen’s
Matrisc Arithmetic Progression Sequence (KMAPS) offers a dynamic and scalable alternative for optimizing hierarchical
frameworks and ensuring fair distribution. Existing arithmetic models lack adaptability, leading to restricted product
customization, inequitable resource allocation, and inefficient hierarchical structuring in industries such as manufacturing, salary
distribution, and game development. A more inclusive mathematical framework is needed to effectively accommodate multi-level
systems. KMAPS introduces a structured yet flexible approach that ensures equitable distribution, customizable product scaling,
and efficient bierarchical organization. Unlike traditional methods, KMAPS expands choice and inclusion across industries,
making it a superior alternative. This study develops and applies KNLAPS to optimize decision-making in product design,
economic distribution, game development, and structural frameworks while ensuring inclusivity. Using mathematical modeling,
matrix progression, and structural framework analysis, KMAPS was formulated as a sequence that expands progressively,
increasing members at each level. Its applications in salary structuring, product sizing, and task distribution were analyzed.
KMAPS proved more adaptable, inclusive and scalable than traditional arithmetic models. 1t successfully structured hierarchical
differentiation, fair distribution, and multi-tiered organization, making it ideal for industries requiring precision and equity.
KMAPS emerges as a transformational mathematical tool for structuring systems, optimizing resource allocation, and enbancing
decision-matking. Its ability to enbance choice and inclusion makes it a superior alternative to conventional arithmetic sequences,
with potential for broader industrial applications.

Keywords: Kifilideen’s Matrix, Arithmetic Progression Sequence, Optimization, Inclusion, Fair Distribution,
Hierarchical Structuring

Introduction

Mathematics is the backbone of a nation and the scientific world, enabling scientists to make accurate and
precise predictions about future events and forecast (Kolawole, 2004; Kolawole and Ojo, 2019; Osanyinpeju,
2021). Mathematics develops thinking, reasoning, and problem-solving skills that help individuals navigate
real-world challenges (Bonotto and Santo, 2015; Ozdemir and Celik, 2021; Osanyinpeju, 2022). In order to
excel in mathematics, mathematical thinking and reasoning must come to play in the establishment of fact
(Osanyinpeju ef al., 2019; Ozdemir and Celik, 2020).

Considering a cluster of different hierarchical order with various barrier levels; designing a structural
framework can effectively identify, differentiate, analyze, and formulate and provisional values to cluster
members at various barrier levels and steps. There is no structured flow available for organizing cluster
members into a framework with different levels and steps. Matrix progression sequence into structural
framework has practical application in area of hierarchical clusters, competition for resource, sharing formula
among members of cluster and food chain. The educational sector is in hierarchical order which can be
formulated into structural framework (Moja, 2000; Ikechukwu, 2015). Nigeria as a case study, the educational
sector is divided into levels which are nursery, primary, secondary and tertiary levels which represent the
levels of a structural framework (Amaghionyeodiwe and Osinubi, 2006; Ezeanochie and Alamgir, 2021). In
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each level there are categories of steps which represent the steps in the structural framework. For example,
the primary level has primary 1 to 6 which serves as the steps; secondary school level has JS1 -3 and SS 1 —
3 while the tertiary level has 100 — 500 levels (Ndidi, 2013; Nakpodia, 2020; Kinika-Nsirim and Okeah, 2021).

The nursery level has the largest number of students which in turn requires the largest number of
teachers/members/staff in the clusters of the educational sectors. The rewards given to
members/staff/teachers in the highest step in the nursery level is the smallest reward compated to the highest
steps in other levels (primary, secondary and tertiary levels) of the educational sector. As we move down the
steps in the nursery levels, the reward decreases. What contributes to the lowest reward in the nursery level
compare to other levels in the educational sector are low skill, low qualification, simplicity of job, low
demanding of effort, low task and effort, low input and low level of expertise. There is hierarchy within the
nursery level in which staff/members/teachers are in various steps depending on their qualifications,
experience and number of years spend in the organisation. The most senior staff/officer in the nursery level
has the highest reward or pay or remuneration and the reward or pay or remuneration decreases as the
hierarchy drops at the nursery level in the structural framework. To migrate from the nursery level to another
level, there is need to meet up with the criteria required in the higher level. Also, within a nursery level or
other levels, members can migrate from one step to another which can come as a result of addition of more
skill, experience, exposure in the field and more years spent in the level.

As we migrate to higher level in the structural framework, the number of steps and also the number of
members reduce. The highest step in the primary level receives more reward than the highest step in the
nursery level. Within the primary level, as we move down, the level the degree of steps drops so, reward
decreases. Within every level in the educational sector, hierarchical order is present. Furthermore, at the
secondary level, the number of students further reduced which may come as a result of loss of interest in the
part of the student, insufficient fund to further the education, no availability of sponsor, having low potential
to cope, low performance and more effectiveness to trade. The lesser number of students in the secondary
school results to lesser number of teachers; although the reward is more for each teacher/member/staff in
this level due to the complexity of task they undergo, more skill, and more expertise. Migrating to the tertiary
level, the number of students drops more alongside the number of teacher/staff. The drop in the number of
students is as a result of some students not meeting up with the prerequisite to be students in the tertiary; and
tertiary level is more demanding, making only the strong ones among be able to proceed. Also, to move to
the higher level, it requires more fund which some students may not be able to meet up. Each
teacher/member/staff at this level gets more reward than the lower levels (nutsery, primary and secondary
levels) because teacher/member/staff at this level uses sophisticated and complex tools which require more
skill, advancement, expertise, experience, input, effort and relative complexity. For each of the levels, there is
hierarchical order within their level where each member within a level is placed in step. For example, at the
secondary school level; staff handling senior class would be placed at a higher step and be rewarded more
than the staff at the junior class. Placing the member of the cluster of the educational sector in a structural
framework would help to formulate sharing formula of reward to the member of the cluster of the sector.

Furthermore, in secondary school educational sector, a cluster of members is formed in hierarchical order
which is grouped into levels which are subject teachers, head of department HoD, vice principal and principal
(Bello ez al,, 2016; Munje ez al,, 2020; Irvine, 2022). The order of increase in levels span from subject teachers,
head of department HoD, vice principal and principal (Maja, 2016; Osuji and Etuketu, 2019; Abdullah and
Salihu, 2020). As we migrate from one level into higher levels the number of members decreases. The class
teachers have the largest number of members but each member in that level is less skilled and less rewarded
compare to the other levels such as the head of department (HoD), vice principal and principal. At the head
of department level, more skill, input and display diversity of knowledge and experience which bring more
reward are required, the same trend is applied to the vice principal and principal. The principal has the lowest
number of members but the most skill, highly experienced in the field and has the highest complexity of task.
Within each level, there is present of steps. Each member of a particular level would pass through steps to get
to the peak step such a level. To migrate from one level to other members, have to upgrade themselves to fit
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into the next level which result to more reward for such member (Arikewuyo, 2009). The cluster of members
in the secondary school sector can be formulated into structural framework.

Mathematics serves as the foundation for structuring and optimizing real-world systems, enabling precise
modeling in field such as engineering, economics, product design, and game development. One of the
fundamental tools in structuring hierarchical systems is arithmetic progression, which provides a systematic
way of organizing levels, distributing resources, and designing scalable frameworks. However, traditional
arithmetic sequences often impose rigid constraints that fail to account for the diversity of subgroups within a
structured system. This limitation restricts product customization, fair economic distribution, and multi-tiered
structuring, leading to inefficiencies in industries that require dynamic allocation and hierarchical organization.

To address these limitations, this paper introduces Kifilideen’s Matrix Arithmetic Progression Sequence
(KMAPS), a generalized and adaptable framework that expands the traditional arithmetic sequence to
optimize inclusivity, resource distribution, and structural flexibility. KMAPS originates from the
generalization of the Kifilideen’s Matrix Structural Framework, which was developed based on the Kifildeen
Trinomial Theorem. This sequence is designed to progressively expand, ensuring that each level and sublevel
accommodates an increasing number of members in a structured yet adaptable manner. By integrating
KMAPS, systems can achieve greater efficiency, scalability, and inclusivity across multiple sectors.

The primary aim of this study is to develop and apply KMAPS as an advanced mathematical framework for
optimizing hierarchical structuring equitable resource distribution, and multi-level decision-making.
Specifically, the study seeks to:

1. Establish KMAPS as an alternative to conventional arithmetic sequences for structural decision-
making.

2. Demonstrate its application in optimizing product design, economic distribution, and game
development.

3. Validate its effectiveness in structuring hierarchical systems, ensuring adaptability across multiple
industries

4. Develop mathematical models that enhance fairness, inclusion, and scalability in structured
frameworks.

KMAPS has broad applicability across various domains, including:

1. Product Design: Ensuring products are available in diverse sizes and specifications, catering to
different consumer needs

2. Economic Distribution: Providing a structured and fair salary allocation system that accounts for
hierarchical levels and progtession.

3. Game Development: Designing game levels and task distributions that maintain a logical progression
for users.

4. Hierarchical Structuring: Creating adaptable organizational models that efficiently classify members
based on their role, experience, and contributions.

By introducing KMAPS, this study provides an innovative solution that enhances choice, inclusion, and
structured decision-making across industries. Unlike traditional arithmetic progressions, which are fixed and
restrictive, KMAPS allows for scalable growth and adaptability, making it highly relevant in industries that
rely on dynamic structuring and fair distribution.

Materials and Methods

The methodology used to validate Kifilideen’s mathematical formulation for generating the infinite sequence
of increasing members across successive levels, starting with a single member at the first level, is proven using
mathematical induction in this paper.
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A Kifilideen’s Clustered Framework presented in this paper consists of sets of entities with related attributes,
each uniquely represented, thereby forming different levels and steps within those levels. Furthermore, levels
are represented as columns, while steps are represented as rows in Kifilideen’s Matrix Structural Framework
for cluster members. Image an array of related sequential Kifilideen’s Generalized Matrix Progression of
infinite term for a cluster, with a view to expand the chain as the trend advances say in order of Table 1,
where each term is a function defined as T, for {n = 1,2, 3,4, ... }.

Table 1. The Kifilideen’s Matrix Structural Framework for an infinite term
Level 1 Level 2 Level 3 Level 4 Level 5

Step 1 Ti

Step 2 T,

Step 3 Ts T,

Step 4 Ts T

Step 5 Te Tg Ti1
Step 6 Ty Tis
Step 7 T1o Ti3
Step 8 Ti4
Step 9 Tis
Step 10

Step 11

System of Kifilideen Generalized Matrix Progression Sequence of Infinite Term

The system of progression of Kifilideen’s Generalized Matrix Sequence of infinite term of increasing

members of successive levels with first level having one member is generated as:

EO)+i(0)+ kM +i(0)+f, k(D+i(D)+f; k@)+i(0)+f, k@) +i(1)+f,k(2)+i(2)
+f;

EB)+i0)+fkB)+i(D)+f k@) +i(2Q+f,kB)+i()+f; k(4)+i(0)+ f,k(4)+i(1) +f,

kM) +i@2)+ k(@) +iB)+f,k(4)+i(4)+f; k(5) +i(0)+ f,k(5)+i(1) + f,k(5) +i(2) + f,

kE(GB)+i(3) +f,k(5)+i(4)+ f,k(5) +i(5) + f; k(6) +i(0) + f,k(6) +i(1) + f,k(6) +i(2)
+f

k(6) +i(3) +f, k(6) +i(4)+ f,k(6) +i(5) + f,k(6) +i(6) +f; k(7)+i(0)+ f,k(7)+i(1)
+f

k(D +i@2)+f, k(M +iB)+f k(7)) +i(4)+ f,k(7)+i(5) + f,k(7)+i(6) + f,k(7) +i(7)
+f; ...

The Kifilideen’s Generalized Matrix Sequence of infinite term of increasing members of successive levels
with first level having one member has endless terms. The progression of the sequence has beginning without
end. The placement of the progression of each term of the infinite term of the Kifilideen’s Generalized
Matrix Sequence in standardized order in the Kifilideen’s Matrix Structural Framework is displayed in Table
2. From the Table 2; Level 1, 2, 3,4, 5, ... has 1,2,3,4,5, ... member (s) respectively. The coefficients of
k and i are the same for the last member in each level.
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Table 2. The placements of infinite term in the Kifilideen’s Matrix Structural Framework.

L L l3 L ls
S1 k(0) +i(0)
+f
S, k(1) +i(0)
+f
S3 k(1) +i(1) k(2) +i(0)
+f +f
Sy k(2)+i(1) k(3) +i(0)
+f +f
Ss k(2)+i(2) k(3)+i(1) k(4)+i(0)+ f
+f +f
Se k(3)+i(2) kM) +i()+f
+f
S5 k(3)+i(3) kM) +i2Q)+f
+f
Sg k(4) +i(3) + f
So k(4)+i(4H)+f
S10
S11

The coefficient of k for member (s) in levels 1, 2, 3,4, 5, ... are 0, 1, 2, 3, 4, ... respectively. The coefficient
of [ is increasing in the level from 0 to one magnitude less than the value of the level in the analyzed level.
For any particular sequence, the value of k, i and f have fixed value. k, i and f are the migration level value,
migration step value and first term respectively. From the analysis of Table 2, generally step 1 and 2; 3 and 4;
5and 6; 7 and 8;... have 1; 2; 3; 4;... member (s) respectively. The value of the coefficient of k is fixed for any
particular level and step but varies from level and step to another level and step. From one level to another
successive level the number of members increases by one. The first level has one member.

Kifilideen’s Term Mathematical Formula of Infinite Term
The stepwise mathematical induction of the generation of the Kifilideen’s term mathematical formula of
infinite term of the Kifilideen’s Generalized Matrix Progression Sequence is analyzed as follow:
Level 1,1 = 1; T, =k(0)+i(0)+f
Ti=k(1-D+i(1-1)+f
Level 2, I = 2; T, =k(1)+i(0)+f
T, =k2-1)+i(2-2)+f
T3 =k()+i(1)+f
T3=k2-1D)+i3—-2)+f
Level 3,1 = 3; T, =k2)+i(0)+f

23



RD
3 INTERNATIONAL CONFERENCE ON ENGINEERING AND ENVIRONMENTAL SCIENCES (ICEES) 2024

T,=k(3—1)+i(4—2)+f
Ts=k(2)+i(1) + f
Ts=k(3—1)+i(5—4)+f
To =k(2) +i(2) + f
Te=k(3—1)+i(6—2)+f

Level L1 = I: T, = k(@) +i(s) + f
T,=k(l-1)+in—m)+f

Generally, from the stepwise mathematical induction of the Kifilideen’s term mathematical formula of infinite
term of Kifilideen’s Generalized Matrix Progression Sequence increasing members for successive levels with
first level having one member is achieved as:

T,=k(l-1)+i(s)+f

M

T,=k(a)+in—m)+f
@
Comparing (1) and (2), a=l—l1lands=n—-m
€

Where Ty, is the value of the nt" term, f is the first term, k is the migration level value, i is the migration step
value, 11 is the number of term, a is the migration level factor, m is the migration step factor, [ is the level
value of the term and s is the migration term step difference factor.

Table 3 presents the value of [, a and m for each level of the Kifilideen’s Matrix Structural Framework of the
infinite term of the Kifilideen’s Generalized Matrix Progression Sequence of increasing members of
successive levels with first level having one member. From the Table, when the values of I (level) are 1, 2,3, 4,
56,..,1,..,.. the values of aare0,1,2,3,4,5,...,a,...,.. respectively while the values of m are
M-1,1+1)-2,0+1+2)->4,1+1+2+3)->7,(1+14+2+3+4)->11,1+1+2+
3+4+5)—>16,..,m, ..., .. respectively.

So, generally, for infinite term of the Kifilideen’s Generalized Matrix Progression Sequence of increasing
members for successive levels with first level having one member, we have:

Fora=a=1l-1m=14+1+2+3+4+5+:-

Leem=1+p,whete f=1+2+3+4+5+ -

S

The seties of f is arithmetic progression seties. From Table 2, omitting the first term of the series of m in the
Table, the number of term of f§ is equivalent to the value of a.

Using the summation of arithmetic progression formula showcased by Stroud and Booth (2007), Oluwasanmi
(2011); we have:

z
S, =5@w+ (z-1a)
Wherte S, is sum of the series, §, z is the number of terms of the seties, 8, W is the first term, and d is the
common difference between two successive terms of the seties, 3.
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From  (4), S, =, w=1d=T,—-Ty=2—-1=2,z=a=  migration level factor
©)

Z = q, since it has been deduced that number of term of the series of f is equivalent to the value of a when
the first term of the series of m is ommitted in the Table 1.

Table 3. The value of [, a and m for each level of the Kifilideen’s Matrix Structural Framework of the infinite

term.
RN a m
1 1 1=1
2 1 1+1=2
3 2 1+1+2=4
4 3 1+1+2+3=7
5 4 1+1+2+3+4=11

I 1—1 1414243444546+ +(1-1)=14+14243+4+5+6+-+a

S;=B=52x1+(a-1)x1)

ﬁ _a(a+1)
2
(©)
Put (6) in (4), we have: m=1+f=1+ a(a2+1)
__a’+a+2
2
(36), we have: a=1-1
12 (-
Put (46) in (45), we have: m= w
_12-142
2

In all, the Kifilideen’s term mathematical formula of infinite term of Kifilideen’s Generalized Matrix
Progression Sequence of increasing members of successive levels having one member in the first level is
obtained as:
T,=k(a)+iln—m)+f
v
a’+a+2 _1?-1+2
2 > T 2

a=10l—-1, m=
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Where T, is the value of the nt term, f is the first term, k is the migration level value and i is the migration
step value, 1 is the number of term, a is the migration level factor, m is migration step factor, [ is the level
value of the term and s is the migration term step difference factor.

Mathematical Formulation of the Migration Level Factor, a of Infinite Term

Table 1 layouts the placement of the terms of the Kifilideen’s Generalized Matrix Progression Sequence of
increasing members of successive levels having one member in the first level. The mathematical formulation
of the migration level factor, a of the infinite term of the Kifilideen’s Generalized Matrix Progression
Sequence of increasing members of successive levels having one member in the first level is demonstrated as
follows:

From Table 1, level 1 contains Ty having a = 0; level 2 contains Ty, T3 all having a = 1; level 3 contains Ty,
Ts5,Tg all having a = 2; level 4 contains Ty, Tg,To, Ty all having a = 3;level 5 contains Ty,
T12,T13,T14,T15 all having a = 4‘, PRI

Table 3 displays the relationship of the migration level factor, a and the term of the first member of each
level. Taking into consideration term of the first member of each level, we have:

Level 1, a=0, n=1=1

Level 2, a=1 n=1+1=2

Level 3, a=2, n=1+14+2=4

Level 4, a=3 n=14+14+24+3=7

Level [, a=1l-1 n=1+14+2+3+4+5+6+--+a
®)

Let nm=14+¢ in the seties of n in (8 whete @=1+4+2+3+4+5+--
&)

The series of ¢ is arithmetic progression series. From the summation of arithmetic progression formula
presented by Ilori ef a/. (2000), Nwabuwanne (2001); we have:

q
Sq = E(ZW + (g —1d)
Where S, is sum of the series, @, q is the number of terms of the series,, W is the first term, and d is the

common difference between two successive terms of the series, @.

From (8), omitting the first term of the series 1, the number of term of ¢ is equivalent to the value of a.
From (9), Sq = ¢, q = a =migration level factor,w = 1,d =T, - T; =2-1=1
Sq=<p=§(2x1+(a—1)x1)

__a(a+1)
-2
(10)
Put (10) in (9), we have: n=1+p=1+ a(a2+1)

a?+a+2-2n=0
Using quadratic formula presented by Adu (2004), Asuquo e a/. (2007); we have:
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__ —btVb?—4ac
- 2a

X

a=1b=1c=2—-2nandx =a
a4 = —1+/(1)2-4X%1x(2-2n)
- 2x1
_ —1ltvsn-7
- 2
a4 = —1+V8n—7
- 2

a

Since a is positive, therefore:

1)

From Table 1, level 1 contains Ty having a = 0; level 2 contains T3, T3 all having a = 1; level 3 contains Ty,
Ts,Tg all having a = 2; level 4 contains T7, Tg,Tg,Tyo all having a = 3; level 5 contains Ty,
T12,T13,T14, Tis all havinga = 4; ..., ... , ...

The value of a for the first term of each level in the Kifilideen’s Matrix Structural Framework is the same as
the other terms in that level. This indicates that the value of a is the same for all terms in the same level. So,
(11) can be used to obtain the value of migration level factor, a for any term of the infinite term of the
Kifilideen’s Generalized Matrix Progression Sequence for increasing members of successive levels and having
one member in the first level.

Generally, the Kifilideen’s term mathematical formula for infinite term of Kifilideen’s Generalized Matrix
Progression Sequence of increasing members of successive levels and having one member in the first level is
achieved as:

T,=k(a)+iln—m)+f

. —1+/8n-7
a = migration level factor = — and
. . a’+a+2 12-1+42
m =migration step factor = m = -

(12)

Kifilideen’s Level Mathematical Formula for the Infinite Term

The generation of the Kifilideen’s level formula for the infinite term of the Kifilideen’s Generalized Matrix
Progression Sequence of increasing members of successive levels and having one member in the first level is
generated as:

From (3), we have: l=a+1

(13)

Put (11) into (13), we have: [ = __1""’28"_7 +1
] = 1+V8n—7

2

The Kifilideen’s level mathematical formula for the infinite term of the Kifilideen’s Generalized Matrix
Progression Sequence is attained as:

| = 1+v/8n—7

2

Where n is the number of term of the Kifilideen’s Generalized Matrix Progression Sequence and [ is the level
value of the term in the Kifilideen’s Matrix Structural Framework of the Kifilideen’s Generalized Matrix
Progression Sequence.

Kifilideen’s Position Mathematical Formula of the Infinite Term

Table 4 displays the position of each term of the infinite term of the Kifilideen’s Generalized Matrix
Progression Sequence of increasing members of successive levels and one member in the first level in the
Kifilideen’s Matrix Structural Framework. In level 1: T is in position 1; in level 2: Ty, T3 are in positions 1 and
2 respectively; in level 3: Ty, Ts, Tg ate in position 1, 2 and 3 respectively; in level 4: T, Tg, To, Ty ate in
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position 1, 2, 3 and 4 respectively; in level 5: Ty, Ty, T13, T14, Tq5 are in position 1, 2, 3, 4 and 5 respectively;

The stepwise analysis of the mathematical induction of the Kifilideen’s position mathematical formula of
infinite term of the Kifilideen’s Generalized Matrix Progression Sequence of increasing members of
successive levels and one member in the first level is illustrated as follows:

Level 1; position = p = 1; T, =k(0)+i(0)+f
T, =k(1—-1)+i(1—1)+f
Level 2; position =p = 1; T, =k(1)+i(0)+f
T,=kZ -1 +i(1-1)+f
Level 2; position = p = 2; T3 =k(D)+i()+f
Ta=k2-1D+i2-1)+f
Level 3; position=p = 1; T,=k2)+i(0)+f
T,=kB-1D)+i(1-1)+f
Level 3; position =p = 2; Ts =k@)+i(1)+f
Te=kB-1+i2-1)+f
Level 3; position = p = 3; Te=k@2)+i(2)+f

To=k@B-1+iB-1+f
Level ; position = p = p; T,=k(l-D+ilp—-1D+f

Generally, the Kifilideen’s position mathematical formula for Kifilideen’s Generalized Matrix Progression
Sequence is generated as:
T,=k(l-D+i(p—-1D+f
14

Table 4. The position of each term of the infinite term in the Kifilideen’s Matrix Structural Framework.

b L L3 Ly ls

s1 p—T

S2 p1—To

S3 p2=>Ts p1—-T,

S4 p2 = Ts p1— T,

Ss p3—>Te p2 > Tg p1— T
Se p3 = Ty P2 = Tz
S7 Ps =Ty p3—Ti3
Sg Pg = T1g
So ps = Tis
S10
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S11

S12

Comparing (7) and (14), we have: n—-m=p-1
n=m+p-—1
(15)
Where T, is the value of the n term, f is the first term, k is the migration level value, i is the migration step
value, 1 is the number of terms, a is the migration level factor, m is migration step factor respectively, [ is the

level value of the term and p is the position of the n term in the Kifilideen’s Matrix Structural Framework.
a’+a+2 _ 12142

From (12), m =migration step factor = m =

2 2
(16)
2
Put (16) in (15), we have: n=2 +2‘1+2 +p—1
__a’+a+2p
2
17
OR

Equation (17) can be inaugurated as follows:

Table 5 shows the relationship between [,p,nand a of the infinite term of the Kifilideen’s Generalized
Matrix Progression Sequence of increasing members of successive levels and one member in the first level.
From Table 5; we have:

Position 1

l=1 a=0, n=1=1

=2, a=1, n=1+1=2

l=3, a=2; n=1+1+4+2=4
=4, a=3; n=1+1+2+3=7
Position 2

l=2, a=1, n=2+1=3
l=3, a=2; n=2+1+42=5
l=4 a=3; n=2+1+2+3=8

Position 3
l=3 a=2, n=34+14+2=6
l=4, a=3; n=34+14+2+3=9

Position 4
l=4 a=3;, n=4+1+4+2+3=10
l=5 a=4, n=44+14+2+3+4=14

Position p
l=lLa=a, n=p+1+2+3+4+5+-+a

29



RD
3 INTERNATIONAL CONFERENCE ON ENGINEERING AND ENVIRONMENTAL SCIENCES (ICEES) 2024

Let m=p+t in the seties of n in (18 where 7T=1+4+2+3+4+5+:-
(8)
The series of T is arithmetic progression series. The summation of arithmetic progression series presented by
Bunday and Mulhollsnd (2014); Godman ez a/. (1984) is utilized which as follows:

Sy =22y + v —1d)
Where S, is sum of the series, T, v is the number of terms of the series, T, y is the first term, and d is the
common difference between two successive terms of the series, T.
From (18), S;, = T,V = a =migration level factor,y =1, d =T, - Ty =2-1=1

@=r=§ax1+m—1pu)

Table 5. The relationship between [, p, n and a of the infinite term.

l a p n

1 0 1 1=1

2 1 1 1+1=2

2 1 2 24+1=3

3 2 1 1+14+2=4
3 2 2 24+14+2=5
3 2 3 3+414+2=6

I a=1-1 P DpP+1+2+34+4+5+++--+a

__a(a+1)
T2
19)
Put (19) in (18), we have: n=p+r=p+ a(a2+1)
a’?+a+2p

2
(20)
Where n is the number of terms, a is the migration level factor and p is the position of the n term in the
Kifilideen’s Matrix Structural Framework.
This (20) is the same as what was obtained in (17).

Kifilideen’s Term Step Level Mathematical Formula of the Infinite Term
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Table 6 layouts the step and level of each term of the infinite term of the Kifilideen’s Generalized Matrix
Progression Sequence of increasing members of successive levels with one member in the first level in the
Kifilideen’s matrix structural framework. In level 1: T; is in step level (s,1): (1,1); in level 2: T,, T3 are in
step level (s,1): (2,2) and (3,2) respectively; in level 3: Ty, Ts, Tgare in step level (s,1): (3,3), (4,3) and
(5,3) trespectively; in level 4: T, Tg, Ty, T1g ate in step level (s, 1): (4,4), (5,4), (6,4) and (7,4) respectively;
in level 5: Ty, T1g, T13, T1a, T1s ate in step level (s,1): (5,5), (6,5), (7,5), (8,5) and (9,5) respectively;

The stepwise analysis of the mathematical induction of the Kifilideen’s term step level mathematical formula
of the infinite term of the Kifilideen’s Generalized Matrix Progression Sequence of infinite term of increasing
members of successive levels with one member in the first level is presented as:

Step 1, Level 1; sly;, Ty =k(0)+i(0)+f
Step 1, Level 1; slit, i =k(A-D+i(1-1)+f
Step 2, Level 2; Slyy, To=k(Q)+i(0)+f
Step 2, Level 2; Slyp, To=k(2-1)+i(2-2)+f
Step 3, Level 2; Slay, Tz=k(Q)+i(1)+f
Step 3, Level 2; Slygy, T3=k(2-1)+i(3-2)+f
Step 3, Level 3; slas, T, =k(@2)+i(0)+f
Step 3, Level 3; slaz, T,=k(3-1)+i(3-3)+f
Step 4, Level 3; Slyz, Ts=k(2)+i(0)+f
Step 4, Level 3; Slyz, Ts=k(B-1)+i4-3)+f
Step 5, Level 3; sls3, Te =k(2)+i(0)+f
Step 5, Level 3; slszg, Te=k(B-1)+i(5-3)+f
Step s, Level [; Slc, T,=k(l-1D+i(s=D+f

Table 6. The layout of the step and level of each term of the infinite term
L L L3 La s

S1 slip =Ty

S5 sly, = T,

S3 slzy = T, Sl > Ty

Sy Slyz = Ts Slyy = T

Ss slsz > T Slsy > Tg slss = Ty
Se slea = To sles = T12
S7 slya = Tho slys = Ths
Sg slgs = T1a
S9 slogs = Ty
S10
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S11

S12

Generally, the Kifilideen’s term step level mathematical formula of the Kifilideen’s Generalized Matrix
Progression Sequence of infinite term of increasing members of successive levels with one member in the
tirst level is expressed as:

T,=k(l-1D)+i(s-D+f

@n
Comparing (7) with (21); we have: n—-m=s-—1
n=m+s-—1
22)
2_
From (16), ===
23)
. 12-1+2
Put (23) in (22); we have: n=-——+s- l
_ 12-31425+2
- 2
__2n-12431-2
B 2

Note: In any particular level of the Kifilideen’s Generalized Matrix Progression Sequence of infinite term of
increasing members of successive levels with one member in the first level in the Kifilideen’s Matrix
Structural Framework,

s=1
Also, in any particular level of the Kifilideen’s Generalized Matrix Progression Sequence of infinite term of
increasing members of successive levels with one member in the first level in the Kifilideen’s Matrix
Structural Framework, the level accommodates members until the coefficient of k and i are the same.

From (21), T,=k(l-1)+i(s=D+f
24)

So, at the last member of a particular level in the Kifilideen’s Matrix Structural Framework of the Kifilideen’s
Generalized Matrix Progression Sequence of infinite term of increasing members of successive levels with
one member in the first level the coefficient of k and i are the same.
Therefore, we have: l—-1=s5s-1
s=2l-1
(25)
So, the maximum value of step, § is obtained for any particular level, [ using the (25).

At the start of any step in the Kifilideen’s Matrix Structural Framework of the Kifilideen’s Generalized Matrix
Progression Sequence of infinite term of increasing members of successive levels with one member in the
first level, the first member in that level is in equal value of step and level, that is:

s=1
Comparing (14) with (24); we have: p—1=s-1
p=s—-1+1

(20)

Kifilideen’s Step — Level Mathematical Formula of the Infinite Term

Table 7 presents the layout of the step — level of each term of the infinite term of the Kifilideen’s Generalized
Matrix Progression Sequence of infinite term of increasing members of successive levels with one member in
the first level in the Kifilideen’s Matrix Structural Framework. In level 1: T is in step level (sl): 11; in level
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2: Ty, T3 ate in step level (S1): 22 and 32 respectively; in level 3: Ty, Ts, T ate in step level (sl): 33, 43 and
53 respectively; in level 4: T, Tg, To, Ty ate in step level (sl): 44, 54, 64 and 74 respectively; in level 5:

T11,T1z, T13, T14, Ty5 are in step level (s1): 55, 65, 75, 85 and 95 respectively; ..., ... .y
Table 7. The layout of the step and level of each term of the infinite term
L [, l5 Iy ls

S1 11-T4
S5 22-T,
S3 32 - T; 33T,
Sy 43 - Ts 44> T,
Scg 53> T, 54 - Ty 55 - T
Sg 64 - T, 65 - T;,
S5 74 = Ty 75 = Ti5
Sg 85 - Ty,
So 95 - Tys
S10
S11
S12

The stepwise analysis of the mathematical induction of the Kifilideen’s step — level mathematical formula of
the infinite term of the Kifilideen’s Generalized Matrix Progression Sequence of infinite term of increasing
members of successive levels with one member in the first level is generated as follows:

The arrangement of the step and level sl in the Kifilideen’s Matrix Structural Framework is in the form of
infinite term of the Kifilideen’s Generalized Matrix Progression Sequence of increasing members of
successive level with one member in the first level. In Table 7,

f =first term = 11,

k =migration level value =T, — T} =22 -11=11

i =migration step value=T3 — T, =32 —-22 =10

Where f is the first term, k is the migration level value, i is the migration step value, Ty is the value of the
first term, T, is the value of the second term and T3 is the value of the third term of the Kifilideen’s Matrix
Structural Framework of Table 7.

The stepwise analysis of the mathematical induction of the Kifilideen’s step — level mathematical formula of
the Kifilideen’s Generalized Matrix Progression Sequence of infinite term of increasing members of
successive levels with one member in the first level is established as:

Using Kifilideen’s term formula invented in (7) for the infinite term of the Kifilideen’s Generalized Matrix

Progression Sequence of infinite term of increasing members of successive levels with one member in the
first level, we have:
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Step 1 Level 1; Ti; sl=11(0)+10(0) + 11 =11
Step 1 Level 1; T, sl=11(0) + 10(1 = 1) + 11 = 11
Step 2 Level 2; Ty; sl=11(1) +10(0) + 11 =22
Step 2 Level 2; T,; sl=11(1) + 10(2 — 2) + 11 = 22
Step 3 Level 2; Ts; sl=11(1)+10(1) + 11 =23
Step 3 Level 2; Ts; sl=11(1)+10(3-2)+ 11 =23
Step 3 Level 3; T,; sl =11(2) + 10(0) + 11 = 33
Step 3 Level 3; Ty; sl=112)+104—-4)+11 =33
Step 4 Level 3; Ts; sl=11(2) +10(1) + 11 =43

Step 4 Level 3; Ts; sl=11(2)+10(5—-4) +11 =43
Step 5 Level 3; Te; sl=11(2)+10(2) + 11 =53
Step 5 Level 3; Te; sl=11(2)+10(6 —4) + 11 =53
Step s Level [; Ty; sl=11(a) + 10(n —m) + 11 = sl

Generally, the Kifilideen’s step — level mathematical formula for the infinite term of the Kifilideen’s
Generalized Matrix Progression Sequence of infinite term of increasing members of successive level with one
member in the first level is invented as:
sl=11(a) + 10(n —m) + 11
(26)
Where n is the number of term, a is the migration level factor, m is the migration step factor, and sl is the
step — level value of the term.

Results and Discussion

The applications of Kifilideen’s Structural Matrix Framework for the Generalized Matrix Progression
Sequence, which features an infinite term of increasing members across successive levels with a single
member at the first level, are presented below:

The Applications of the Kifilideen’s Generalized Matrix Progression Sequence of infinite term

[1] If an agricultural processing company wishes to adopt Kifilideen’s Generalized Matrix Progression
Sequence of infinite term to develop salaty structure for the staff of the company, the staff of the company in
the 5,10 " and 13" terms of the Kifilideen’s Structural Matrix Framework receive monetary incentives
of ¥95,000, ¥ 125,000 and ¥ 140, 000 respectively. Determine the following:

(i) the level, the step and the position of the staff in the 5,10 and 13" terms of the Kifilideen’s
Structural Matrix Framework;

(i) the migration level value of the salaty structure;

(iii) the migration step value of the salary structure;

(iv) the salary received by the staff in the first term of the Kifilideen’s Structural Matrix Framework;

(v) find the salary to be received by a staff in the 15 term of the Kifilideen’s Structural Matrix Framework;
Also, state the level, the step and the position of the term of the staff;

(vi) produce the Kifilideen’s Structural Matrix Framework for the salary structure of the company for the first
six levels.
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Solution
1(ia) The level, the step and the position of the staff in the
Framework is obtained as follows:

For 5 term,n = 5, Ts =¥ 95,000

5" term of the Kifilideen’s Structural Matrix

The migration level factor, a of the staff in the 5 tR term is achieved as:
Migration level factor of the staffin the 5" term = a = Zinent7 _ o §X5_7 =2.3723 =2

2
@7

So, the migration level factor, a of the staff in the 5th

term is 2.

For the migration step factor, m of the staff in the 5" term, we have:
L . a’+a+2 224242
Migration step factor of the staff in the 5" term = m = = =4

8)
So, the migration step factor, m of the staff in the 5" term is 4.
The migration level factor, a of the staff in the 5¢*
level of the staff in the 5 " term which is presented as follow:
Level of the staffin the 5" term =l =a+1=2+1=3
(29)

So, the staff in 5 term is in level 3.

term obtained in (27) is used to obtain the value of the

The value of the level of the staff in the 5" term attained in (28) and number of terms of the staff in the 5

5 " term which is obtained as follow:

=4

term are used to determine the value of the step of the staff in the
5 th 2n—12+31-2 _ 2X5-32+3x3-2
2 2

Step of the staff in the
(30)
Therefore, the staff in the 5 term is in step 4.

term = S =

5" term are used to determine the

The number of term and the migration step factor, m of the staff in the
value of the position of the staff in the 5" term which is presented as follow:
Position of the staffin the 5" term=n—-m+1=5—-4+1=2

@D

So, the staff in the 5t

term is in position 2.
The equation generated for the 5" term using the Kifilideen’s term formula of the Kifilideen’s Generalized
Matrix Progression Sequence is presented as follow:

T,=k(a)+in—m)+f
Number of term, n of the staff in the

2 and the migration step factor, m of the staff in the
5th

Sth 5th

term is 5, the migration level factor, a of the staff in the term is

5t" term is 4. From the question [1] the staff in the
term received monetary incentives of # 95,000, so the equation generated for the 5 term is given as:
Fifthterm = Ts = k(2) +i(5—-4)+ f =2k + i+ f =¥95,000

32)

From (29), (30) and (31), the staff in the 5 term is in level 3, step 4 and position 2 in the Kifilideen’s
Structural Matrix Framework

Oth

1(ib) The level, the step and the position of the staff in the 1 term of the Kifilideen’s Structural Matrix

Framework is obtained as follows:

For 104 term,n = 10, Tyo = ¥ 125,000
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The migration level factor, a of the staff in the 10 & term is achieved as:
Migration level factor of the staffin the 10 " term = a = ZienT7 _ ZIEXI077 _ 3.7720 = 3

2 2

(33)

So, the migration level factor, a of the staff in the 10" term is 3.

0t term, we have:

a’+a+2 _ 3%+3+2
2 2

For the migration step factor, m of the staff in the 1
7

Migration step factor of the staff in the 10 " term = m =
(34
So, the migration step factor, m of the staff in the 10" term is 7.

The migration level factor, a of the staff in the 10" term obtained in (33) is used to obtain the value of the
level of the staff in the 10 ™ term which is presented as follow:

Level of the staff in the 10" term =l =a+1=3+1=4

(33)

So, the staff in 10" term is in level 4.

The value of the level of the staff in the 10 " term attained in (35) and number of terms of the staff in the

0t term which is obtained as

10" term are used to determine the value of the step of the staff in the 1
follow:
2n—1%431-2 _ 2x10-42+3x4-2

2 2

7

Step of the staff in the 10" term = s =
(36)
Therefore, the staff in the 10 term is in step 7.

The number of terms and the migration step factor, m of the staff in the 10" term are used to determine the

value of the position of the staff in the 10 t term which is presented as follow:

Position of the staff in the 10" term=n—-m+1=10-7+1=4
(37)

So, the staff in the 10" *term is in position 4.

The equation generated for the 10" term using the Kifilideen’s term formula of the Kifilideen’s Generalized
Matrix Progression Sequence is presented as follow:

T,=k(a)+iln—m)+f

Number of term, n of the staff in the 1
10" term is 3 and the migration step factor, m of the staff in the 10" term is 7. From the question [1] the
staff in the 10" term received monetary incentives of ¥125,000,s0 the equation generated for the

0 term is 10, the migration level factor, a of the staff in the

10" term is given as:
Tenth term = Ty = k(3) +i(10 - 7) + f =3k + 3i+ f = ¥125,000
(38)

From (35), (36) and (37) the staff in the 10" term is in level 4, step 7 and position 4 in the Kifilideen’s
Structural Matrix Framework.

3th

1(ic) The level, the step and the position of the staff in the 1 term of the Kifilideen’s Structural Matrix

Framework is obtained as follows:

For 13t term,n = 13, T;3 = §¥140,000
The migration level factor, a of the staff in the 13 th term is achieved as:
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Migration level factor of the staffin the 13 " term = a = —inenT7 _ IO _ 44244 = 4

2 2
39)
So, the migration level factor, a of the staff in the 13" term is 4.

For the migration step factor, m of the staff in the 13" term, we have:

2
Migration step factorof the staff in the 13t term =m =2 +2a+2 = 11
(40)
So, the migration step factor, m of the staff in the 13" term is 11.
The migration level factor, a of the staff in the 13" term obtained in (39) is used to obtain the value of the

level of the staff in the 13 " term which is presented as follow:
Level of the staffin the 13 term =l=a+1=4+4+1=5
SD)

So, the staff in 13t term is in level 5.

The value of the level of the staff in the 13 " term attained in (41) and number of term of the staff in the

13" term are used to determine the value of the step of the staff in the 13 term which is obtained as

follow:

2n—1%431-2 _ 2x13-5243x5-2
2 - 2 -

Step of the staff in the 13" term = s = 7

(42)
Therefore, the staff in the 13" term is in step 7.

The number of term and the migration step factor, m of the staff in the 13" term are used to determine the
value of the position of the staff in the 13 ™ term which is presented as follow:

Position of the staff in the 13 term=p=n—-m+1

=13-11+1 =3 (43)

So, the staff in the 10" *term is in position 3.

The equation generated for the 13" term using the Kifilideen’s term formula of the Kifilideen’s Generalized
Matrix Progression Sequence is presented as follow:

T,=k(a)+iln—m)+f

Number of term, n of the staff in the 13%term is 13, the migration level factor, a of the staff in the
13" term is 4 and the migration step factor, m of the staff in the 13" term is 11. From the question [1] the
staff in the 13" term received monetary incentives of N 140,000, s0 the equation generated for the
13t term is given as:

Thirteenth term = Ty3 = k(4) +i(13 —11) + f = ¥ 140,000

4k + 2i + f =¥ 140,000

(44)

From (41), (42) and (43), the staff in the 13" term is in level 5, step 7 and position 3 in the Kifilideen’s
Structural Matrix Framework

1(ii) the value of the migration level value, k, the migration step value, i, and the salary received by the staff in
the first term, f of the salaty structure is obtained as follow:

From (32), (38) and (44), we have:

2k+i+ f =%95,000

(45)
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3k + 3i + f = ¥ 125,000
(46)
4k + 2i + f = ¥ 140,000
(47)

Using Kifilideen Extermination and Determinant of Matrix method (KEDM) (Osanyinepju, 2024;
Osanyinpeju, 2025), the following is obtained:

C C G G ¢ G C G
95,000 1

|§ §| H §|k= 125,000 3| H ;|

3 31 (1 3 125,000 3

|4 2| |1 2160 001040,030 2| H §|

3 2 ,

—6 —1|k=|—170,000 —1|

9k = 180,000

k = #20,000

G G C G Co C Cp G
95,000

s

|3 1| |3 1| "= 11125, 000 1| |3 1|

_22 1_1 4.1_1_30’00%40,_0100 1 14 1

|1 - ‘_|—15,000 1

3i = 15,000

il=#5,000

G C C C C, € C. C

e

1 3 3 317 = (1125000 31 13 3

|1 2| |4 2| 140000 2| |4 2

|2 3|f=|160,000 3|

-1 -6 —~170,000 —6

—9f = —450,000

f=f#50,ooo

1(ii) the migration level value of the salary structure = k = ¥ 20, 000;
1(iii) the migration step value of the salary structure = i = ¥ 5, 000;
1(iv) the salary received by the staff in the first term = f = ¥ 50, 000.

1(v) For 15" term,n = 15,

The migration level factor, a of the staff in the 15 th term is achieved as:
Migration level factor of the staffin the 15" term = a = L 28n_7 =7 82X15_7 =4.8151=4

Sth

So, the migration level factor, a of the staff in the 1 term is 4.

For the migration step factor, m of the staff in the 15" term, we have:
a?+a+2 424442

2 2
So, the migration step factor, m of the staff in the 15" term is 11.

Migration step factor=m =
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The salary to be received by a staff in the 15 term is obtained as:
T,=k(a)+in—m)+f

Fifteenth term = Ty5 = 20,000 X (4) + 5,000 x (15— 11) + 50,000
T,s = the salary received by a staff in the 15 " term = ¥ 150,000

Level of the staffin the 15 term=l=a+1=4+1=5
(43)
So, the staff in 15" term is in level 5.

2n—12+431-2 _ 2x15-52+3X5-2
2 - 2 -

5th

Step of the staff in the 1 9

49)

term = S =

Therefore, the staff in the 15 term is in step 9.

Position of the staff in the 15" term=p=n—-m+1=15-11+1=5
©0)
So, the staff in the 15" term is in position 5.

From (48), (49) and (50), the staff in the 15 term is in level 5, step 9 and position 5 in the Kifilideen’s
Structural Matrix Framework

1(vi) To produce the Kifilideen’s Structural Matrix Framework for the salary structure of the company for the
tirst five levels we have:

The migration level value of the salary structure = k = ¥ 20,000; the migration step value of the salary
structure =i = ¥ 5,000 and the first term = f =¥ 50,000.So, the Kifilideen’s Structural Matrix
Framework for the salary structure of the company for the first five levels is presented in Table 4.

Table 8. The salary structure of the company of question 1 for the first five levels.

L L 3 Ly s

S1 T1 =N 50, 000

s T, = ¥ 70,000
53 T, =875000 T, =%90,000
54 T, =%95,000 T, =¥110,000
S T, =¥100,000 Ty =¥115000 Ty,
=%130,000
Se T, =§120,000 Ty,
=H§135,000
Sy TlO =N 125, 000 T13
=¥ 140,000
S8 T14
=N 145,000
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S9 Tis
=¥150,000

From the Table 8, the salary structure increases from one level to another towards the right and also increases
down within a level. The Table indicates that the migration level value is ¥ 20, 000, and the migration step
value is ¥ 5,000. Additionally, the difference between the salaties of the last member in a level and the last
member in the successive level is ¥ 25, 000. This is obtained by the addition of the migration level value, k
and the migration step value, i.

Conclusion

This study introduced Kifilideen’s Matrix Arithmetic Progression Sequence (KMAPS) as a transformative
mathematical framework that expands the limitations of traditional arithmetic sequences. By integrating
progressive structuring, inclusivity, and scalable distribution, KMAPS offers a more dynamic and adaptable
approach to hierarchical organization across various industries. Unlike conventional arithmetic progression
models, which impose rigid constraints, KIMAPS ensures that each level and sublevel within a structured
system is progressively optimized to accommodate a wider range of participants, products, or resource
allocations. The methodology employed in this research involved mathematical modeling, matrix structural
framework analysis, and sequence progression techniques to establish a structured yet flexible system. The
results demonstrated that KMAPS effectively optimizes product customization, salary distribution, game
development, and hierarchical classification, ensuring a fair, scalable, and efficient allocation mechanism. The
sequence’s ability to expand dynamically while maintaining logical consistency and mathematical precision
makes it highly suitable for applications requiring structured decision-making. This study’s significance lies in
its ability to expand choice and inclusion, enabling fair economic distribution, adaptable product structuring,
and multi-tiered decision frameworks. The successful implementation of KMAPS across multiple domains
confirms its potential as an innovative and superior alternative to conventional arithmetic sequences.

Further studies can explore advanced computational models and real-world case studies to extend the
applicability of KMAPS in other fields such as supply chain management, financial modeling, and complex
organizational structures. Additionally, integrating machine learning and artificial intelligence with KMAPS
could further enhance automated decision-making processes for hierarchical structuring. By redefining how
structured systems allocate resources and organize hierarchical frameworks, KMAPS paves the way for a
more inclusive, scalable, and mathematically optimized approach to decision-making across industries.
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Abstract

Infinite series play a crucial role in mathematical modeling, optimization, and real-world applications, yet their summation
remains a challenge in many complex: systems. Kifilideen’s General Matrisc Arithmetic Progression Series of infinite terms offers
a structured approach to organizing and computing summations in progressive numerical systems. Existing summation methods
struggle with structured matrix progression sequences, resulting in computational inefficiencies, particularly in real-world
applications such as financial planning, resource allocation, and production forecasting. A systematic and efficient summation
Sformula is needed to handle the progressive nature of such series. The development of a dedicated sum formula tailored for
Kifilideen’s General Matrix: Progression Series will enbance computational efficiency, provide a robust mathematical framework
Jor structured series, and facilitate real-world applications requiring large-scale summation operations. The study aims to establish
and apply Kifilideen’s Sum Formula for the summation of infinite terms in a General Matrix Progression Series, demonstrating
its effectiveness throngh real-world applications in various industries. Mathematical induction was used to derive and validate sum
Sformulas for bi-number product progression series, forming the foundation for Kifilideen’s Sum Formula. The proposed
progression systems, including manufacturing, financial modeling, and resonrce distribution, were evaluated for their practicality.
The established Kifilideen’s Sum Formula successfully streamlined the summation process, reducing computational complexity
while maintaining accuracy. Application case studies demonstrated its effectiveness in optimiging structured numerical progressions
across different domains. Kifilideen's Sum Formmula offers an innovative and efficient approach to summing infinite matrix
progression series. 1ts structured methodology enbances the computation of progressive sequences, making it a valuable tool for
mathematical analysis and real-world problem solving. Future research can excplore further refinements and broader applications
in scientific and engineering computations.

Keywords: Kifilideen’s Sum Formulas, Infinite Matrix Progression, Summation Techniques, Structured
Series, Mathematical Induction, Real-World Applications

Introduction

Kifilideen’s General Matrix Progression Sequence of infinite terms is a sequence of pattern in which its
members are arranged into levels and steps within the levels in Kifilideen’s Matrix Structural Framework
(Osanyinpeju, 2021; Osanyinpeju, 2023). This sequence consists of an infinite number of terms and members
(Osanyinpeju, 2022a). In the Kifilideen’s Matrix Structural Framework for Kifilideen’s General Matrix
Progression Sequence of infinite terms, the 15¢ level has one step, 2™ level has two steps, 37 level has three
steps, and so on. This type of sequence has endless levels in the Kifilideen’s Matrix Structural Framework.
The Kifilideen’s Structural Framework of the Kifilideen’s General Matrix Progression Sequence of infinite
terms is provided in Table 1.
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Table 1. Kifilideen’s Structural Framework of the Kifilideen’s General Matrix Progression Sequence of
infinite terms

Level,
L L, I3 l L
sy k(0)+i(0)
+f
Sy k(1) +i(0)
+f
S3 k(1) +i(1) k(2) +i(0)
Step, s +f t+f
Sy k(2)+i(1) k(3) +i(0)
+f +f
Ssg k(2) +i(2) k(3) +i(1)
+f +f
Se k(3) +i(2)
+f
Sz k(3) +i(3)
+f
Sg
S9

For the sequence of the Kifilideen’s General Matrix Progression of infinite terms is presented as:
EO)+i(0)+f5k()+i(0)+ fL k() +i()+f; k2)+i(0)+f, k(2) +i(1) + f, k(2) +i(2) +
[RB)+i0)+f, k@) +i()+f, kB)+iRQ)+f,kB)+iBB)+f; )y

More so, according to (Osanyinpeju, 2023), the Kifilideen’s General Term Formula for the Kifilideen’s
General Matrix Progression sequence of infinite terms is given as:
T,=k(a)+iln—m)+f
@
Where Ty, is the nt™ term of the sequence, k is the migration column value, i is the migration row value, a is
the migration column factor, m is the migration row factor, n is the number of terms and f is the first term.
The formula for the value of migration column factor, a is obtained from Osanyinpeju (2020a) as:
—1+/8n-7
a= T anda=101-1

2
Where a is the migration column factor, n is the number of terms and [ is the level of the term. Meanwhile,
the formula for the value of the migration row factor, m is attained using equation presented by
(Osanyinpeju, 2020b) which is given as:

a’+a+2

2

€
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Where m is the migration row factor and a is the migration row factor. The first term, f is the value of the
first member of the Kifilideen’s General Matrix Progression Sequence of infinite terms. Also, the first term, f
is the value of the first level and first step member in the Kifilideen’s Matrix Structural Framework
(Osanyinpeju, 2020b). The migration column value, k is the difference between the value of the first member
of one level and the value of the first member of immediate previous level. The migration row value, i is the

difference between the value of a step in a level and the value of the immediate previous step in the same
level (Osanyinpeju, 2022b).

The summing infinite series is fundamental in mathematics, with applications spanning engineering,
economics, and computational sciences. Traditional summation techniques often struggle with structured
numerical progressions, particularly when dealing with complex hierarchical sequences. Kifilideen’s General
Matrix Progression Series of infinite terms introduces a novel structured approach, where members are
arranged in progressive levels and steps. However, the efficient computation of the sum of such series
remains a challenge, particularly in real-world applications requiring rapid and accurate aggregation of
structured numerical sequences.

Existing summation methods do not offer a dedicated approach to handling matrix-based progression
sequences with hierarchical structures. This limitation affects fields such as financial analysis, inventory
planning, and resource distribution, where structured summation is critical for decision-making. Without a
systematic summation formula, evaluating these structured series becomes computationally expensive and
impractical for large-scale applications. This paper aims to establish and apply Kifilideen’s Sum Formula to
efficiently compute the summation of infinite matrix progression series. The proposed formula is derived
using mathematical induction and validated through real-world applications, demonstrating its computational
efficiency and practical utility. The development of Kiflideen’s Sum Formula provides an efficient framework
for computing structured summations in various fields. Potential applications include:

1. Manufacturing and Production: Modeling product variations across multiple levels and subcategories
(e.g., battery capacities, phone storage models)

2. Financial Forecasting: Computing progressive investment returns, structured tax systems, and
hierarchical financial allocations

3. Resource Allocation and Planning: Optimizing large-scale distribution systems such as energy
metering, transportation networks, and industrial logistics.

Materials and Methods

This study begins by deriving sum formulas for bi-number product progression series using mathematical
induction. These formulas serve as the foundation for deriving Kifilideen’s Sum Formula, which is then
applied to structured matrix progression series.

Mathematical Induction of Sum Formula for the Series of Bi — Numbers Product Progression
Sy =1X24+2%X3+3X44+4X5+5X6+6X7+ -+n[n+1]

*)

S =Tpoqnn+1] =l
)

Proof

The mathematical induction of the sum formula (4) of the series of bi — numbers product progression is
provided as follows:

S;=1x2 =[1+1]

S;=1x2+42x3=[1+1]+[2+2+2]

©
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s o —+ —
= 2 + 2 + 2 1

™
In (6), the addition of 1 appears two times [that is 1 + 1] and addition of 2 appears three times [that is
2+ 2 + 2] but in (7), the rectangle contains addition of three 1 and three 2. So, 1 has to be removed from
the rectangle in (7) for (7) to be equal to (6). More so, the rectangle in (7) contains three [1 + 2]. Using the
sum of arithmetic progression formula presented by (Tuttuh, 2014) to solve each of the [1 + 2], (7) can be

generated as:
2x3 2x3

S;=3x=--1=3x=--3C=8
®)
S3=1x24+2%x3+43%x4=[1+1]+[2+2+2]+[3+3+3+3]
©)
1+1+1+ @
S, = 2+2:2+@ -
3+ 3+ 3+ 3 (10)

In (9), the addition of 1 appears two times [that is 1 + 1], addition of 2 appears three times [that is 2 + 2 +
2] and addition of 3 appeats four times [that is 3 + 3 + 3 + 3] but in (10), the rectangle contains addition of
four 1, four 2 and four 3 altogether. So, [1 + 1] and [2] has to be removed from the rectangle in (10) for (10)
to be equal to (9). More so, the rectangle in (10) contains four [1 + 2 + 3]. Using the sum of arithmetic
progtession formula given by Bunday and Mulholland (2014) to solve each of the [1 + 2 + 3], (10) can be
generated as:

S3=4xZT2—4=4x22-1C=20
(11
S,=1X2+2X3+3x4 +4x5=[1+1]+[2+2+2]+[3+3+3+3] + [4+4+4+4+
4-] (12)
1+ 1 +@+ 1)+ (1
+
24+ 2+ 2 +{(2D+
S — —+ -
“ 3+3+§+3+@
4 + 4 + 4 + 4 + 4
(13)

In (12) the addition of 1 appears two times [that is 1 + 1], addition of 2 appears three times [that is 2 + 2 +
2], addition of 3 appears four times [that is 3 + 3 + 3 + 3] and addition of 4 appears five times [that is
4+ 4+ 4+ 4+ 4] but in (13), the rectangle contains addition of five 1, five 2, five 3 and five 4 altogether.
So,[1+ 1+ 1], [2+ 2] and [3] has to be removed from the rectangle in (13) for (13) to be equal to (12).
More so, the rectangle in (13) contains five [1 + 2 + 3 + 4]. Using the sum of arithmetic progression

formula presented by Rice and Scott (2005) to solve each of the [1 + 2 + 3 + 4], (13) can be generated as:
Sy =5X22-10=5x22—5C =40

14
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_ n(n+1) (n+1)
S, =m+1)x S~ (n—Z)C
(15)

_nn+1)? (n+1)

Sh="5 T -
(16)

In summary, the mathematical induction of the sum formula (4) of the series of bi — numbers product

progression is provided as follows:
1x2 2! 2! 2X1x0x—1!

Si=2x - H=2- et =2 - =2 - PR =20 =2
17

$;=3x22-1=3x22-3C=38

(18)

S3=4xZT2—4=4x22-1C=20

(19)

S,=5X22-10=5x22—5C =40

20).

s = (n n 1) % n(n+1) (n+1)C
n

2 (n-2)
s = n(n+1)>* (n+1)!
nTo ((n+1)-(n-2))!(n-2)!
s = nn+1)?  (n+1)!
n— o 2 (3)!(n—2)!
s = nn+1)2 _ (m+DM)(n-1)(n-2)!
nT o 2 (3)!(n—2)!
s = nn+1)?*  (n+1)M)(n-1)
nTo 3)!
nn+1)>2 (n+1)(n)(n-1)
Sn = 2 6
3n(n+1)2-(n+1)(n)(n—1)
Sp = p
n(n+1)(3(n+1)—(n-1))
Sp = .
n(n+1)(3n+3-n+1)
Sp = .
n(n+1)(2n+4)
Sp = -
2n(n+1)(n+2)
Sp = -
Sn _ n(n+1)(n+2)
3
Proved

Note that the transformation part of (18), (19), (20) and other series into combination are obtained from the
Pascal’s triangle in Figure 2.1 as follows:
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1
4th Diagonal
1 2 1
1 3 3 1 (8 C)
1 4 6 4(4C ) 1
1 5 10 10(3C ) 5 1

1 6 15 20( sC ) 15 6 1
Figure 2.1: Pascal’s triangle
Mathematical Induction of Sum Formula for the Series of Bi — Similar Numbers Product
Progression
Sp=12+22+3%+4%+5%4+ 6%+ -+ n?
@1

[n+1][2n+1
5, = Ty = 2l
22)
Proof

The mathematical induction of the sum formula (21) of the series of bi — similar numbers product
progression is provided as follows:

S;=1%2 =1
23)
S, =12422=[1]+[2+ 2]
24
1 +1(1
2+ 2

(25)

In (24) the addition of 1 appears once [that is 1] and addition of 2 appears two times [that is 2 + 2] but in
(24), the rectangle contains addition of two 1 and two 2. So, 1 has to be removed from the rectangle in (25)
for (25) to be equal to (24). More so, the rectangle in (25) contains two [1 + 2]. Using the sum of arithmetic
progression formula presented by Stroud and Booth (2007) to solve each of the [1+ 2], (25) can be

generated as:

S,=2x2Z_1=2xZ_3c=5
2 2

S3=12+422+3%2=[1]+[2+2]+[3+3+3]
(20)

27)

In (26) the addition of 1 appears once [that is 1], addition of 2 appears two times [that is 2 + 2] and addition
of 3 appears three times [that is 3 + 3 + 3] but in (27), the rectangle contains addition of three 1, three 2 and
three 3 altogether. So, [1 + 1] and [2] has to be removed from the rectangle in (27) for (27) to be equal to
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(26). More so, the rectangle in (27) contains three [1 + 2 + 3]. Using the sum of arithmetic progression
formula presented by Macrae et al. (2001) to solve each of the [1 + 2 + 3], (27) can be generated as:

S3=3xZ2—4=3x22-1C=14
(28)

Sy =12422+32+42=[1]+[2+2]+[3+3+3] + [4+4+4+4]

29)
1+ 4 1)+@ )

s — 2+2H2+2 ) _

4 3+ 3% 3+3)
+

A+4%a+2a

(30)

In (29) the addition of 1 appears once [that is 1], addition of 2 appears two times [that is 2 + 2], addition
of 3 appears three times [that is 3 + 3 + 3] and addition of 4 appears four times [that is 4 + 4 + 4 + 4] but
in (30), the rectangle contains addition of four 1, four 2, four 3 and four 4 altogether. So, [1 + 1 + 1],
[2 + 2] and [3] has to be removed from the rectangle in (30) for (30) to be equal to (29). More so, the
rectangle in (30) contains four [1 + 2 + 3 + 4]. Using the sum of arithmetic progression formula to solve

each of the [1 + 2 + 3 + 4], (30) can be generated as:

Sy =4x22-10=4x22—5C =30

31).

S = (n) x XD _ (e

(32)

s = n?(n+1) _ (n+1)
n — 2 (n—-2)

33)

C

In summary, the mathematical induction of the sum formula (21) of the series of bi — similar numbers
product progression is provided as follows:

_ X2 . L 2! _ 420 o 2xIxox—1 . _
S1=1X 2 -10=1 —1!(2—(—1))!_1 —1!3!_1 —113! =1-0 =1
S;=2xZ2-1=2x22-3C=5
S;=3x2—4=3x22-1C =14

Sy =4x22-10=4x22—5C =30

n(n+1) (n+1)

S, =(n)x S~ (n_Z)C
s = n*(n+1) (n+1)!
nTo ((n+1)-(n-2))!(n-2)!
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s = n*(n+1)  (n+1)!
nToo2 (3)!(n-2)!
s = n?(n+1) _ (+D) () (n-1)(n-2)!
nToo2 (3)!(n-2)!
s = n?(n+1) _ (+D M) (n-1)
n— o 3)!
5 = n?(n+1) _ (+DMm(n-1)
nTo g 6
s = 3n?(n+1)—-(n+1)(n)(n-1)
n- 6
_ n(n+)BM-(n-1))
n- 6
__n(n+1)(3n -n+1)
n- 6
_ n(n+1)(2n+1)
n- 6
Proved

2.3 The Series of the Kifilideen’s General Matrix Progression of Infinite Terms
The series of the Kifilideen’s General Matrix Progression Sequence of infinite terms of increasing members’
set in successive column and the first column having one member is given as:

Sp = [k(0) +i(0) + f]+ [k(1) +i(0) + f] +[ k(1) +i(1) + f]1+ [k(2) +i(0) + f] + [k(2) +
D+ 1+ k@) +i2)+ 1+ [kB)+i(0)+ f1+[kB) +i(D) + f1+[kB)+i(2) + f] +
[K(3) +i(3) + 1+ s vy oo

34

The series of (34) is an infinite term. The arrangement of the terms of the series in Kifilideen’s Matrix
Structural Framework is given in Table 1. In Table 1, it can be shown that level 1 has 1 term, level 2 has two
terms, level 3 has three terms and level 4 has four terms. Other higher levels in the Kifilideen’s Structural
Framework for Kifilideen’s General Matrix Progression Series of infinite terms follow the same trend. In level
1, the first member starts from step 1 and end in step 1. In level 2, the first member starts from step 2 and
end in step 3; in level 3, the first member starts from step 3 and end in step 5; and in level 4, the first member
starts from step 4 and in step 7. The higher levels follow the same progressive trend.

2.4  Mathematical Induction of the Kifilideen’s Sum Formula for the Kifilideen’s General Matrix
Progression Series of infinite terms

The mathematical induction of the Kifilideen’s Sum Formula for the Kifilideen’s General Matrix Progression
Series infinite terms is given as:

Sp = k(gqn) +i(wy) +nf

(35)
Where
_ (a)(a+1)(a+2)+3a(n-m-a))
n- 3
(30)
_ (a-1D)(a)(a+1)+3(n-m)(n-m+1)
n- 6
(37
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Where S,, is the sum of the first nt?

row value, f is the first term, 1 is the value of the number of terms to sum, gy, is the sum migration column
factor and wy, is the sum migration row factor.

terms of the series, k is the migration column value, i is the migration

Proof

The Kifilideen’s General Matrix Progression Series of infinite terms is given as:

Sp = [k(0) +i(0) + f] + [k(1) + i(0) + f] +[ k(1) + i(D) + f] + [k(2) +i(0) + f] +[k(2) +
() + fT+ [k(2) +1(2) + f1+ [kB) +i(0) + f] + [k(3) +i(1) + f] + [kB) +i(2) + f] +
kB +i(B) +f1+ o)y

393)
Level 1,1 =1
?‘319)= k((0)) +i((0) + f = k(g1) +i(wy) + f
Level 2,1 = 2
S, =k((0)+ 1) +i((0)+0)+2f = k(qy) +i(wy) + 2f
(40)
S3=k((0)+ (1 +1)+i((0)+ (0+ 1))+ 3f = k(qs) + i(ws) + 3f
(41)
Level 3,1 =3

Se=k((0)+@+1)+2)+i((0)+ (0+1)+0)+4f = k(qy) + i(wy) + 4f

(42)

Ss=k((0)+Q+1)+2+2)+i((0)+O+1)+0+1)+5f =k(gs) +i(ws) +5f

(43) Se=k((O)+A+D+2+2+2)+i((0)+O+1)+0+1+2))+6f =k(qge) +

i(wg) + 6f (44)  Level4,l=4

S;=k((+A+D+2+2+2)+3)+i((00+O+1)+0+1+2)+0)+7f

S; =k(q7;) +ilwy) +7f

(45)

Se=k((O+QA+D+@+2+2)+34+3)+i((0O+O+1)+(0+1+2)+0+1)+8f

Sg = k(qg) + i(wg) + 8f

(46)

So=k((0)+(1+D+Q2+2+2)+3+3+3)+i((0+O+1D+0+1+2)+0+1+2)+9f

So = k(qo) +i(wg) +9f

(47)

So=k(0O+1A+1)+2+2+2)+(B+3+3+3))
+i((0+O0+1)+O0+1+2)+(0+1+2+3))+10f

S10 = k(qq0) +i(wqp) + 10f

(49)

Levell,l =1

Sn = k(qn) + i(wy) + nf
(49)

Where Sy, is the sum of the first n®Mterms of the series, k is the migration column value, i is the migration
row value, f is the first term, 1 is the value of the number of terms to sum, gy, is the sum migration column
factor and wy, is the sum migration row factor.
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From the mathematical induction of (38) to (49), the mathematical induction of sum migration column factor,
(nis obtained as:

Tevel 1,1 =1
_ _ 0x1 g Cn 1! a1 IX0X(=DX(=2)! _
=0 =1x57= 0= 0x0=0- " " @m = s O
(50)
Level 2,1 = 2
_ _ X2 5. oy 2! 4420 2XIXOX(=D)! _
2=0)+1=2x , 10— 1x1=2 (-D!2—-(-D)! =1 (-3 1 CEV T 1
4D
q3=(0)+(1+1)=2x%—_26—1x0=
2! o2t 5 2XIX0X(=1)! _
2- -D!2-(-1) 0=2 (-3 2 =N 2 (52)
Level 3,1 =3
g=0)+0+1D+2
(53)
1 + 1
a. _ _1+1+@ 4 . 2>< 2
4 = O + -+ — @
2 2 + =+ ( : )
(>4)

In (53), the addition of 0 appears once [that is 0], addition of 1 appears two times [thatis 1 + 1] and addition
of 2 appears once [that is 2] but in (54), the rectangle contains addition of three 1 and three 2 altogether.
So, [1] and [2 X 2] has to be removed from the rectangle in (54) for (54) to be equal to (53). More so, the
rectangle in (54) contains three [1 + 2]. Using the sum of atrithmetic progression formula presented by
Brown (2013) to solve each of the [1 + 2], (54) can be generated as:

2X3 2X3

q4=3><7—1—2x2=3x7—gc—2x2=4
(45)
gs=0)+A+1)+2+2
(36)
1+ 1 1+ 1+

— =+ = + - -
9, =0+ 535 2+ 2 +(2 T-2-=1
G7)

In (50), the addition of 0 appears once [that is 0], addition of 1 appears two times [that is 1 + 1] and addition
of 2 appears two times [that is 2 + 2] but in (57), the rectangle contains addition of three 1 and three 2
altogether. So, [1] and [2 X 1] has to be removed from the rectangle in (57) for (57) to be equal to (56). More
so, the rectangle in (57) contains three [1 + 2]. Using the sum of arithmetic progression formula presented by
Jones (2011) to solve each of the [1 + 2], (57) can be generated as:
gs=3x22-1-2x1=3x22-3C-2x1=6

©8)

G=0)+A+1)+2+2+2)
©9)
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1+ 1 1+1+®
qa =0+ + . + - 1 - 2>0
© 2+2+2 242+ 2
(60)

In (59), the addition of 0 appears once [that is 0], addition of 1 appears two times [that is 1 + 1] and addition
of 2 appears three times [thatis 2 + 2 + 2] but in (60), the rectangle contains addition of three 1 and three 2
altogether. So, [1] and [2 X 0] has to be removed from the rectangle in (60) for (60) to be equal to (59). More
so, the rectangle in (60) contains three [1 + 2]. Using the sum of arithmetic progression formula presented by
Bird (2003) to solve each of the [1 + 2], (60) can be generated as:

2X3 2X3

q6=3x7—1—2><0=BxT—SC—2x0=8

(61)

Level 4,1l =4

g;=0)+0+D+R2+2+2)+3

(62)
1+ 1 1+1+@+0
+ + 1+ 1

d, = 0 + 2+2+2 = |2+2+2+ - + - 3 <3
* 3+@T|-®+ 2

(63)

In (62), the addition of 0 appears once [that is 0], addition of 1 appears two times [that is 1 + 1], addition of
2 appears three times [that is 2 + 2 + 2] and addition of 3 appears once [that is 3] but in (63), the rectangle
contains addition of four 1, four 2 and four 3 altogether. So, [1 + 1], [2] and 3 X 3 has to be removed from
the rectangle in (63) for (63) to be equal to (62). More so, the rectangle in (63) contains four [1 + 2 + 3].
Using the sum of arithmetic progression formula presented by Pontes (2020) to solve each of the [1 + 2 +

3], (63) can be generated as:

3x4 3x4

q7=4x7—4—3x3=4x7—‘1‘C—3x3=11
(64)
gs=0)+1+D+R2+2+2)+3+3
(65)
1+ 1 1+1+@9+0
+ + 1+ 1
dg = 0 + 2+2+2 =|2+2+2+ - + - 3 <2
+ + 2
3+3 3+3+®+
(66)

In (65), the addition of 0 appears once [that is 0], addition of 1 appears two times [that is 1 + 1], addition of
2 appears three times [that is 2 + 2 + 2] and addition of 3 appears two times [that is 3 + 3] but in (66), the
rectangle contains addition of four 1, four 2 and four 3 altogether. So, [1 4+ 1]. [2] and [3 X 2] has to be
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removed from the rectangle in (66) for (66) to be equal to (65). More so, the rectangle in (66) contains four
[1 + 2 + 3]. Using the sum of arithmetic progression formula presented by Talbert et al. (1995) to solve each

of the [1 + 2 + 3], (66) can be generated as:
3x4 3x4

ds =4x7;—4—3x2=4x7;—§c—3x2:14
(©7)
Go=0)+(1+1D+Q2+2+2)+3+3+3
(08)

1+1 1+1+@0+0

+ + 1+ 1
dg = 0 + 2+2+2 = |2+2+2+ - 5> 3.X1

+

3+3+3 (3+3+3+

(69)

In (68), the addition of 0 appears once [that is 0], addition of 1 appears two times [that is 1 + 1], addition of
2 appears three times [that is 2 + 2 + 2] and addition of 3 appears three times [that is 3 + 3 + 3] but in (69),
the rectangle contains addition of four 1, four 2 and four 3 altogether. So, [1 + 1]. [2] and [3 X 1] has to be
removed from the rectangle in (69) for (69) to be equal to (68). More so, the rectangle in (69) contains four
[1 + 2 + 3]. Using the sum of arithmetic progression formula presented by Wittmann (2020) to solve each of
the [1 + 2 + 3], (69) can be generated as:

Go=4X22—4-3x1=4x22-1C-3x1=17
(70)
Gio=0)+(1+1D+@2+2+2)+(B+3+3+3)
(71)
1+1 1+1+@D+0 1+
a., =0 +2%2+2 = 2+212+® - + - 3><0
10 + N >
3+3+3+3 3+3+3+3
(72)

In (71), the addition of 0 appears once [that is 0], addition of 1 appears two times [that is 1 + 1], addition of
2 appears three times [that is 2 + 2 + 2] and addition of 3 appears four times [that is 3 + 3 + 3 + 3] but in
(72), the rectangle contains addition of four 1, four 2 and four 3 altogether. So, [1 + 1]. [2] and [3 X 0] has
to be removed from the rectangle in (72) for (72) to be equal to (71). More so, the rectangle in (72) contains
four [1 + 2 + 3]. Using the sum of arithmetic progression formula presented by Fowler and Snapp (2014) to
solve each of the [1 + 2 + 3], (72) can be generated as:

Sp=4X—4—-3x0=4x2"—-4C—-3%x0=20

In summary, the mathematical induction of the sum migration column factor formula from (50) to (73) is
given as follows:
Levell,l=1
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q1=1><0%1—_1C—0><0=1><0%1—_1C—(1—1)((1—1)—0)=1><0%1—_1C—
A-D(@A-D-@1-1) 74 Level 2,1 = 2
@=2x2"-30-1x1=2x2-2C-2-D(@-1D-0)=2x>-_3C-
C-D(@2-1)-2-2) 75

G3=2x2— 2C-1x0=2x2-3-2-D(@-D-1)=2x>=_3C—
C-1D(2-1)-B-2) (10

Level 3,1 =3

q4=3xzzﬁ—gC—sz=3x22ﬁ—30—(3—1)((3—1)—0)=3x22ﬁ—30—(3—

DE-D-¢4-4) (77)
22 _3c-3B-1D(B-1)-1)=3x

2

gs=3x22-3C-2x1=3x

DE-D-(-4) (78)
gs=3x22—-3C-2x0=3x

D(@E-D-(6-4) 79

2%X3 3

- "B -

2X3
2

—gC—(S—l)((S—l)—Z)=3><T—OC—(3—

Level4,l = 4
q7=4x32ﬁ—‘{0—3x3=4x?’2ﬁ—‘{0—(3—1)((3—1)—0)=4x?’2ﬁ—‘{6—(4—
D(E-D-(7-7) @80
q8=4x32ﬁ—‘{0—3x2=4x?’2ﬁ—‘{0—(3—1)((3—1)—1)=4x?’2ﬁ—‘{6—(4—
D(AE-D-@B-7) (81)
q9=4x?’2ﬁ—‘;C—3x1=4x32ﬁ—‘{0—(3—1)((3—1)—2)=4x?’2ﬁ—‘{0—(4—
D(E-D-09-7)  ©®

qlo=4x?’2ﬁ—‘;C—3xo=4x32ﬁ—‘{0—(3—1)((3—1)—2)=4x?’2ﬁ—‘{6—(4—

D(@E-1)-010-7) @83

Level , I =1
1-1)x1
an= x5 = 50 = (= D(U =D~ (n—m)
4
_ By u o L
I = 2 (1-a-3))!-3)! I-DU-1-n+m)
(85)

_BQ-1) 10-1)(-2)(1-3)!
nT o 31(1-3)!
(86)
_121-1) 1(1-1)(1-2)

+(I-1)(n—-m-1+1)

+(I-1)(n-m-1+1)

n 2 3!
@87

201 _ -
G =" (12 n_uw 12(1 D (l-D-m—-1+1)
(88)

312(1-1)—-1(1-1) (-2
po= HERTEDED 4 (D —m -1+ 1)
(89)
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= WDEED) L (- DY —m—1+1)

n
©0)
gn =" L - D —m -1+ 1)
1)
o =" (- D(—m—1+1)
92)
gn =" (- D -m -1+ 1)
©3)
-1+ 1)+3(1-1) (n-m—1+1)
n— 3
4
_ (-1)M+1)+3(1-1)(n—-m~1+1))
n— 3
95)
From 2),l=a+1
96)
Therefore,
_ (@)(a+1)(a+2)+3a(n-m-a))
n- 3
o)

Where @y, is the sum migration column factor, a is the migration column factor, 1 is the value of the number
of terms to sum, m is the migration row factor.

From the mathematical induction of (39) to (48), the mathematical induction of sum migration row factor,
Wy, is obtained as:

Tevel 1,1 =1

— — 10 _ 2! 2! _2X1X0x(-1)! _
wi=(0) = -t = =D!E-C0)! IGEVIEL T 0
99)
Level 2,1 =2
w,=(0)+0= 2C+0=
©9)
wy;=(0)+0+1)=_3C+0+1)=
0+1)=1

2! 2!
=D!2-(-1)! +0

40 = 2X1x0%x(—=1)!

= Coi T (-n,! +0=0

2!
=D!I-D)!

2!
+0+D) =5+ 0+1) =

2X1x0x(—=1)!

(—1)!3! +

(100)

Level 3,1 =3
w,=0)+O0+1)+0
(101)

wW (@]

a

I
04040
.|.

-
I
.|.

(102)

The circle in (102) contains two 0 and one 1 altogether. Recall [1] is equivalent to 3C, so, we have
w,=3C+0=3C+(4—4)

(103)
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we=(0)+0+1)+0+1

(104)
(@)
+
wW — O + 1 = -+ O + 1
5 -+
O+ 1
(105)

The circle in (105) contains two 0 and one 1 altogether. Recall [1] is equivalent to 3C, so, we have:
ws=3C+0+1=3C+U@l-49+ (G5-4

(106)
Wwe=0)+O0+1D)+O0+1+2)
(107)
(@)
+
wW = O + 1 = -+ O+1 + 2
(S +
O+ 1+ 2
(108)

The circle in (108) contain two 0 and one 1 altogether. Recall [1] is equivalent to 3C, so, we have:
We=3C+0+1+2=3C+(@A -4+ (5-4)+(6—-4)

(109)
Level 4,1l =4
w,=(0)+0+1)+@O+1+2)+0
(110)
(@)
+
o + 1
+
+
(@)
(111)

The circle in (111) contains three 0, two 1 and one 2 altogether. Recall [1 + 1] + [2] is equivalent to TC, so
we have:

w7
=1C+0=1C+(7-7)
(112)

weg=(0)+0O0+D+0O0+1+2)+0+1
(113)
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w =

s = + O + 1

©+0+0+0
t + 4

= a4
+
N
I

(114)

The circle in (114) contain three 0, two 1 and one 2 altogether. Recall [1 + 1] + [2] is equivalent to 1C, so,
we have:

wg=1C+0+1=1C+T7-7)+(@B-7)

(115)
Go=0)+O0+1D)+O0+1+2)+0+1+2
(116)
O
-+
o + 1
-+
Wog = O+1+2 = +0+ 1+ 2
-+
O+ 1+ 22
117)

The circle in (117) contain three 0, two 1 and one 2 altogether. Recall [1 + 1] + [2] is equivalent to 1C, so
we have:

Wo= 1C+0+1+4+2=3C+(7—-7)+@B=7)+(9-7)

(118)
wi=0)+O0+1)+0+1+2)+O0+1+2+3)
(119)
O
-+
Q - 1
W.o= 0O+1+2 = +0+1+2+3
-+
O+1+2+3
(120)

The circle in (120) contain three 0, two 1 and one 2 altogether. Recall [1 + 1] + [2] is equivalent to 1C, so
we have:

Wio=1C+0+1+2+3=7C+(7-7D+@B=-7)+O-7)+(10-7)

(121)

In summary, the mathematical induction of the sum migration column factor formula from (98) to (121) is
given as follows:

Level,l=1
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(1-1)x((1-1)+1)

wi=_3C+0=_3C+Z0= I+ (1-1D = 4C+ -

(122)
1><°Ll—_1c 0><0_1><°X1 _1C—(1—1)((1—1)—0)_1><°L1—_1C—(1—
1)((1 -1)—-(1-1)) (123) Level 2,1 = 2
wy=5C+0=3C+5 = 30+ (2-2) =, 0 + E2ERD

(124)

w3

= 3+0+1=3+22=3+2-2)+(3-2) =
(3-2)x((3-2)+1)

2-5C + . (125)
Level 3,1 =3
We=3C+0=3C+22= 30+ (4—4) = 50 + @D
(126)
Ws=3C+H0+1=3C+0= 30+ (@A—D+ (5-4) = g0 + E2ERD
(127)
We=3C+H0+1+2=3C+2230+(A—-4)+ G- +(6—4) = 5 5c + 2D
(128)
Level4,l = 4
wo=4C+0=4C+52 =40+ (7-7) = (g0 + TUDED
(129)
Wg=1C+0+1=1C+=2 =4C+(T -7+ (B-7) = (o 3>C+w
(130)

9-7)x((9-7)+1)

Wo=1C+0+1+2=1C+Z2 =4C+(T-N+B-7N+O—-7) = 45 + >

(131)
Wio=2C+0+1+2+43= C+3ﬁ_4c+(7 N+@=7)+O=7)+10-7) = 4_5C +

(10-7)x((10-7)+1)
2

(132)
Levell, 1 =1
n-m)(n-m+1
w, = (1_31)6' +( )(2 )
(133)
_ Al (n-m)(n—-m+1)
Wn = (1-(1-3))1(1-3)! 2
(134)
C11-1)(-2)(1-3)! |, (n-m)(n-m+1)
n- 31(1-3)! 2
(135)
_(1-1)(-2) , n-m)(n-m+1)
n- 3! 2
(136)
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_ 0=D0=2) | (em)(nomt1)

n 6 2
(137)
__ -1 (-2)+3(m-m)(n—-m+1)
n- 6
(138)
From (2),l=a+1
(139)
Therefore,
_ (a+1)(a)(@a-1)+3(n-m)(n-m+1)
n- 6
(140)
_ (a-1)(a)(a+1)+3(n-m)(n—-m+1)
n- 6
(141)

Where wy, is the sum migration row factor, @ is the migration column factor, 1 is the value of the number of
terms to sum, M is the migration row factor. Table shows the relationship between the migration column
factor, a and migration row factor, m which is obtained from (122) to (141). From Table 2 we have:
m=91C+1
(142)

_ (a+1)!
m= ((a+1D)-(a-1)(a—1)! +1
(143)

(a+1)!

m= (a+1-a+1)!(a—1)! +1
(144)

_ (a+1)!

~ 21(a—1)!
(145)

_ (a+1)(a)(a—-1)!

T~ 2i(a—1)!
(1406)
m—= (a+1)(a) +1

2!
(147)

a’+a

+1

+1

m=
(148)

a’+a+2
2

m=
(149)

So, migration row factor is given as:
a’+a+2
2

migration row factor = m =
(150)

Table 2. The relationship between the migration column factor, a and migration row factor, m which is
obtained from (142) to (149).

Levels, [ Migration column factor, a Migration row factor, m
1 0 1=0+1=_lc+1=0%HC+1
2 1 2=1+1=3C+1=1%lc+1
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3 2 4=3+1=3C+1=3*Cc+1
4 3 7=6+1=%+1=31C+1
5 4 11=10+1=3C+1=3%1Cc+1
6 5 16=15+1=8C+1=:"1c+1
l a=1-1 m=2tC+1

In summary, the mathematical induction of the Kifilideen’s Sum Formula of the Kifilideen’s General Matrix
Progression Series of infinite terms is given as:
Sp = k(qn) + i(wp) +nf
(151)
Where
_ (a)(a+1)(a+2)+3a(n-m-a))

Gn -
(152)
_ (a-1D)(a)(a+1)+3(n-m)(n-m+1)
n— 6
(153)

_a’+a+2

(154)

Where S, is the sum of the first nt*terns of the series, k is the migration column value, i is the migration row

value, f is the first term, n is the value of the number of terms to sum, g, is the sum migration column
factor, W, is the sum migration row factor, migration column factor, a and migration row factor, m.

3 Results

3.1 Applications of Epoch of Kifilideen’s Sum Formula for General Matrix Progression Series
The application of epoch of Kifilideen’s Sum Formula for General Matrix Progression Series of infinite terms
in solving real world problems is presented below:

[a] A battery manufacturing company, say in Nigeria, may produce series of batteries using Kifilideen’s
Matrix Progression Sequence concept. The levels of the batteries produced serves as the various weights of
the batteries manufactured in order. Each level (weight grade) has sub level(s) or step(s). The manufacturing
company designs the charge capacity, Ah of the battery as the sublevel(s) or steps property for each level
(weight grade) of the battery. If the sequence of the batteries manufactured using the Kifilideen’s matrix
progression sequence of infinite terms is given as: charge capacity 38A4h for level 1 of weight 200 g; charge
capacities 434h, 46Ah for level 2 of weight 400 g each; charge capacities 484h, 51Ah, 54Ah for level 3 of
weight 600 g each; ...

Determine the following

(i) the sum of the charge capacities of batteries manufacture for the first twelve terms of the series of batteries
produce by the company (ii) the sum of the charge capacities of batteries produce for the first hundred terms
of the series of the batteries manufacture by the company (iii) draw the Kifilideen’s Matrix Structural
Framework for the first five levels of the sequence of batteries manufacture by the company.
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Solution

(i) For the first twelve terms of the seties of batteries produce by the company, n = 12
Migration level factor of the charge capacity of the battery = a = $

Migration level factor of the charge capacity of the battery = a = %

Migration level factor of the charge capacity of the battery = a = 4.2170
Migration level factor of the charge capacity of the battery = a = 4

. . a’+a+2
Migration step factor of the charge capacity of the battery = m = 5

— . 424442
Migration step factor of the charge capacity of the battery = m = >

Migration step factor of the charge capacity of the battery = m = 11

f = chatge capacity of the first term of the battery produce by the company =Ty = 384h

k = the difference between the value of charge capacity of the battery of the first member of one level and
the value of charge capacity of the battery of the first member of immediate previous level =T, —
T,
k = 43Ah — 384h = 5Ah

i = the difference between the value of charge capacity of battery of a step in a level and the value charge
capacity of battery of the immediate previous step in the same level = T3 — T, = 46Ah — 43Ah = 3Ah

Sum migration level factor of the charge capacity of the battery = q,, = (@)a+1)(a+2)+5a(n—m—a))

3
Sum migration level factor of the charge capacity of the battery = g, = (H(E+1)(4+2)+5x4(12-11-4))

3
_ WEO+3x4(=3)
3

Sum migration level factor of the charge capacity of the battery = g4,

Sum migration level factor of the charge capacity of the battery = q1, = 28

Sum migration step factor of the charge capacity of the battery = w,, = (e-1)(@)(a+1)+3n-m)(n-m+1)

_ (4—1)(4)(4+1)+63(12—11)(12—11+1)

Sum migration step factor of the charge capacity of the battery = wy,

6
_ Q@WEHOE@

Sum migration step factor of the charge capacity of the battery = wy, .

Sum migration step factor of the charge capacity of the battery = wy, = 11
Sp = k(qn) +i(wy) +nf

The sum of the charge capacities of batteries manufacture for the first twelve terms of the series of batteries
produce by the company = S1, = 5 X (28) +3(11) + 12 x 38

The sum of the charge capacities of batteries manufacture for the first twelve terms of the series of batteries
produce by the company = Sy, = 6294h

(i) For the first hundred terms of the series of batteries produce by the company, n = 100
—1+vV8n-7

Migration level factor of the charge capacity of the battery = a = 5
—1+v8x100—7

Migration level factor of the charge capacity of the battery = a =

2
Migration level factor of the charge capacity of the battery = a = 13.5801
Migration level factor of the charge capacity of the battery = a = 13

. . a’+a+2
Migration step factor of the charge capacity of the battery = m = 5

_— . 13241342
Migration step factor of the charge capacity of the battery = m = —

Migration step factor of the charge capacity of the battery = m = 92
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f = charge capacity of the first term of the battery produce by the company = Ty = 384h

k = the difference between the value of charge capacity of the battery of the first member of one level and
the value of charge capacity of the battery of the first member of immediate previous level =T, —
Ty

k = 43Ah — 384h = 54h

I = the difference between the value of charge capacity of battery of a step in a level and the value charge
capacity of battery of the immediate previous step in the same level = T3 — T, = 46Ah — 43Ah = 3Ah

_ (a)(a+1)(a+2)+3a(n-m-a))

Sum migration level factor of the charge capacity of the battery = g,

3
Sum migration level factor of the charge capacity of the battery = g199 = (13)(13+1)(13+2)+33><13(100—92—13))

Sum migration level factor of the charge capacity of the battery = 199 = (13)(14)(153)-'—3)(4(_5))

Sum migration level factor of the charge capacity of the battery = g199 = 845

Sum migration step factor of the charge capacity of the battery = w,, = (e-1)(@)(a+1)+3n-m)(n-m+1)

6
Sum migration step factor of the charge capacity of the battery
_ _ (13-1)(13)(13+1)+3(100-92)(100—92+1)
= Wio0 = P
_ (12)(13)(14)+3(8)(9)

Sum migration step factor of the charge capacity of the battery = wygg = .

Sum migration step factor of the charge capacity of the battety = wy9q = 400

Sp = k(qn) +i(wn) +nf

The sum of the charge capacities of batteries produce for the first hundred terms of the series of the batteries
manufacture by the company = S199 = 5 X (845) + 3(400) + 100 x 38

The sum of the charge capacities of batteries produce for the first hundred terms of the series of the batteries

manufacture by the company = S109 = 92254h
(iif) Since migration level value = k = 5BG, migration step value = { = 34h and the charge capacity of the
first term of the battery produce is 38A4h, then the Kifilideen’s Matrix Structural Framework for the sequence

of the first five levels of the batteries produce is given in Table 3.

Table 3. Kifilideen’s Matrix Structural Framework for the sequence of question (a)

Levels(Weight, g)

Weights Level 1, [ Level 1, [ Level 1, [ Level 1, I Level 1, [
éi;:zi; W, =200g W,=400g W;=600g W,=800g Ws=1000g

s; | T, = 38Ah
Steps S, T, = 43Ah
(Charge g, Ty = 46Ah T, = 48Ah
capacity g, Ts = 514h T, = 53Ah
of Ss T, = 54Ah Ty = 56Ah Ty, = 584h
battery, g Ty = 59Ah T,, = 61Ah
Ab) s, T,o = 62Ah  Ty3 = 644h
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58 T14 = 67Ah
Sgq T15 = 704h

From the Table 3, the value of the charge capacity of battery in level 1 of weight 200 g in step 1 is 384h.
The value of the charge capacities of batteries in level 2 of weight 400 g in steps 2 and 3 are 43Ah and 46Ah
respectively. More so, the value of the charge capacities of batteties in level 3 of weight 600 g in steps 3, 4
and 5 are 484h, 51Ah and 54Ah respectively. Furthermore, the value of the charge capacities of batteries in
level 4 of weight 800 g in steps 4, 5, 6 and 7 are 534h, 56Ah, 59Ah and 62Ah respectively. Meanwhile, the
value of the charge capacities of batteties in level 5 of weight 1000 g in steps 5, 6, 7, 8 and 9 are 584h,
61Ah, 64Ah, 67Ah and 70Ah respectively. From the Table 3 the sum of the charge capacities of batteries
manufacture for the first twelve terms of the series of batteries produce by the company, Sy, is also 629A4h.
The difference in value of the charge capacities of batteries in last step in one level and the last step in the
previous level is equivalent to the sum of the migration level value, k and the migration step value, i. For this
design, the difference in value of the charge capacities of batteries in last step in one level and the last step in
the previous level is 8Ah (this is the difference in value of the charge capacities of batteries in last step in one
level and the last step in the previous level k + i = 5 + 3 = 84h).

[b] A phone manufacturing company utilizes Kifilideen’s Matrix Progression sequence of infinite term to
produce series of phone. The levels 1, 2, 3, ... of the phone is designed into various models 1, 2, 3, ... in
order. As the model advances, the physical appearance of the phone also advances. Each level or model of
the phone has sub-level(s) or step(s). The storage capacity of the phone is the design property for each sub-
level(s) or step(s) of each level or model of the phone. The storage capacity of the phone is measured in
Gigabytes, GB. Given that the value of the storage capacities of phone manufactured by the company at the
5t and 10 terms of Kifilideen’s General Matrix Progression Sequence of infinite terms are 15GB and 23GB
and if the sum of the storage capacities of the first thirteen terms of the series of the manufactured phone
collectively is 207 GB. Determine the following:

(i) migration level value of the phone, k (ii) migration step value of the phone, i (iii) the storage capacity of
the first term of the phone produce, f (iv) the storage capacity of the 8t term of the phone produce (v) the
sum of the storage capacity of the first six terms of the phone produce (vi) generate the Kifilideen’s Matrix
Structural Framework for the sequence of the first five levels or models.

Solution
(i) For the 5 term of the seties of phones produce by the manufacturing company,n = 5, Ts = 15GB
Migration level factor of the storage capacity of the phone = a = w

—1+V8X5-7

Migration level factor of the storage capacity of the phone = a =

2
Migration level factor of the storage capacity of the phone = a = 2.3723
Migration level factor of the storage capacity of the phone = a = 2

2
; ; . a“+a+2
Migration step factor of the storage capacity of the phone = m = 5
S . 224242
Migration step factor of the storage capacity of the phone = m = 5

Migration step factor of the storage capacity of the phone =m = 4

T,=k(a)+in—m)+f

The storage capacity of the fifth term of the phone = Ts = k(2) +i(5—4) + f = 15GB

2k+i+f =15GB

(155)

For the 10t term of the series of phones produce by the manufacturing company, n = 10, Ty = 23GB
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—-1+v/8n-7

2
—1+V8x10-7
2

Migration level factor of the storage capacity of the phone=a = 3.7720

Migration level factor of the storage capacity of the phone=a = 3

Migration level factor of the storage capacity of the phone= a =

Migration level factor of the storage capacity of the phone= a =

2
; ; . a‘+a+2
Migration step factor of the storage capacity of the phone=m = 5
S . 324342
Migration step factor of the storage capacity of the phone=m = 5

Migration step factor of the storage capacity of the phone=m = 7
T,=k(a)+iln—m)+f

The storage capacity of the tenth term of the phone = Tyy = k(3) +i(10 = 7) + f = 23GB
3k +3i+ f =23GB

(156)

For the first thirteen terms of the seties of phone produce by the company, n = 13, S;3 = 207GB
Migration level factor of the storage capacity of the phone= a = _1%&1_7

Migration level factor of the storage capacity of the phone = a = w

Migration level factor of the storage capacity of the phone= a = 4.4244
Migration level factor of the storage capacity of the phone= a = 4

L . a’+a+2
Migration step factor of the storage capacity of the phone=m = 5

S . 424442
Migration step factor of the storage capacity of the phone=m = >

Migration step factor of the storage capacity of the phone=m = 11

Sum migration level factor of the storage capacity of the phone = q,, = (@)@+1)(a+2)+3a(n—m—a))

3
_ (4)(4+1)(4+2)+3x4(13-11-4))

Sum migration level factor of the storage capacity of the phone = ¢3

3
_ WO ©)+3x4(-2)
3

Sum migration level factor of the storage capacity of the phone = q3

Sum migration level factor of the storage capacity of the phone = g3 = 32

Sum migration step factor of the storage capacity of the phone = wy, = (a-1)(@)(a+1)+3n-m)(-m+1)

6
Sum migration step factor of the storage capacity of the phone = wy3 = (4_1)(4)(4+1)+3(613_11)(13_11+1)

Sum migration step factor of the storage capacity of the phone = wy3 = w

Sum migration step factor of the storage capacity of the phone = wyz = 13
Sp = k(gqn) + i(wy) +nf
The sum of the storage capacities of the first thirteen terms of the series of the manufactured phone
collectively produces = Sy3 = k X (32) +i(13) + 13 X f = 207GB
32k +13i +13f = 207GB

(157)
From (155), (156) and (157), the following are obtained:
2k+i+f =15GB (155)
3k +3i+f =23GB (156)
32k +13i +13f = 207GB (157)

Using Kifilideen Extermination and Determinant of Matrix method (KEDM) (Osanyinepju, 2024;
Osanyinpeju, 2025), the following is obtained:
Ce G G G Co G ¢ Cf
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A I 1| 5

|32 3| |13_13|_2 |207 13 |13 13|

|7 26|k= 92 26

—12k = —24

k = 2GB

G G G G Co C C G

N - 1| 5

|_13 1§| |32 13|_ |207 13 |32 13|

|26 |i=|92 7|

12i = 36

i = 3GB

Cf Ci Ck Ci Co Ci Ck Ci

T N

|13 13| |32 13| |207 13 |32 13|
26 —57|f 322 —57|

—36i = —288

i = 8GB

So,k = 2GB,i = 3GB and f = 8GB

Migration level value of the phone, k = 2GB

(ii) Migration step value of the phone, i = 3GB

(iif) The storage capacity of the first term of the phone produce, f = 8GB

(iv) For the 8% term of the series of phones produce by the manufacturing company,n = 8,

—1+\2/8n—7 —1+\/;i><8 — 39749 =3

2 2
. . . a“+a+2 3°+3+2
Migration step factor of the storage capacity of the phone=m = = =7

2 2
T, =k(a)+iln—m)+f
Since k = 2GB,i = 3GB and f = 8GB
The storage capacity of the 8 term of the series of phones produces = Tg = 2(3) + 3(8 —=7) + 8 = 17GB
The storage capacity of the 8% term of the seties of phones produces = Tg = 17GB

(v) For the first six terms of the series of phone produce by the company, n = 6,
—1+V8n—7 _ —1+/8X6-7
2

Migration level factor of the storage capacity of the phone= a =

=2.7016 =2

Migration level factor of the storage capacity of the phone = a =

a?+a+2 224242

Migration step factor of the storage capacity of the phone=m = S = S = 4

(a)(a+1)(a+2)+3a(n-m—a))

Sum migration level factor of the storage capacity of the phone = q,, = .
(2)(2+1)(2+2)+3x4(6 4-2))

Sum migration level factor of the storage capacity of the phone = qg =
(2)(3)(4)+3><2(0)) _ 24

Sum migration level factor of the storage capacity of the phone = q¢ = 3 3

Sum migration level factor of the storage capacity of the phone = q¢ = 8
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Sum migration step factor of the storage capacity of the phone = wy, = (@-1)(@){a+1)+3n-m)n—m+1)

_ (2—1)(2)(2+1)+36(6—4-)(6—4+1)
6

Sum migration step factor of the storage capacity of the phone = wg

_ W@3)+3(2)3)

Sum migration step factor of the storage capacity of the phone = wg .

Sum migration step factor of the storage capacity of the phone = wg = 4

Sp = k(qn) + i(wp) +1nf

Since k = 2GB,i = 3GB and f = 8GB

Sum of the storage capacities of the first six terms of the phone produces = S =2 X (8) +3(4) + 6 X 8
Sum of the storage capacities of the first six terms of the phone produces = Sg = 76GB

(vi) Since migration level value = k = 2GB, migration step value = i = 3GB and the storage capacity of the
first term of the phone produce, f = 8GB then the Kifilideen’s Matrix Structural Framework for the

sequence of the first five levels of the phones manufacture is given in Table 4.

Table 4. Kifilideen matrix structural framework for the sequence of question (b)

Level (Physical appearance),

L L l3 ly ls
T, = 8BG
T, = 10BG
T, = 13BG T, = 12BG
Ts = 15BG T, = 14BG
T, = 18BG Ts = 17BG T,, = 16BG
Ty = 20BG T,, = 19BG
Tyo = 23BG Ty3 = 22BG
Ty4 = 25BG
Tys = 28BG

From the Table 4, the value of the storage capacity of the phone in level 1 of step 1 is 8BG. The value of the
storage capacities of phone in level 2 of steps 2 and 3 ate 10BG and 13BG respectively. More so, the value of
the storage capacities of phones in level 3 of steps 3, 4 and 5 are 12BG, 15BG and 18BG respectively.
Furthermore, the value of the storage capacities of phones in level 4 of steps 4, 5, 6 and 7 are 14BG, 17BG,
20BG and 23BG respectively. Meanwhile, the value of the storage capacities of phones in level 5 of steps 5,
6, 7, 8 and 9 are 16 BG, 19BG, 22BG, 25BG and 28BG respectively. From the Table 4 the sum of the
storage capacities of phone manufacture for the first six terms of the series of phones produce by the
company, Sg, is also 76 BG and the sum of the storage capacities of phone manufacture for the first six terms
of the series of phones produce by the company, Sy3,is also 207BG. The difference in value of the storage
capacities of phones in last step in one level and the last step in the previous level is equivalent to the sum of
the migration level value, k and the migration step value, i. For this design, the difference in value of the
storage capacities of phones in last step in one level and the last step in the previous level is 5BG (this is the

67



RD
3 INTERNATIONAL CONFERENCE ON ENGINEERING AND ENVIRONMENTAL SCIENCES (ICEES) 2024

difference in value of the storage capacities of phones in last step in one level and the last step in the previous

level k +i =2+ 3 = 5BG).

(c) A drink industry designs different grades of drink based on taste level. Each grade of drinks concocted
has step(s). The step(s) of each grade is/are determined by the litres of drink. The design of the litres of the
drink concocted is formulated using the Kifilideen’s Matrix Progression Sequence of infinite terms. If the
sum of litres of drink for the n terms of the series of Kifilideen’s General Matrix Progression Sequence of
infinite terms generated by the company is 223 litres and the last term of the seties is found in level 4 of the
Kifilideen’s Matrix Structural Framework. If the migration level value of the drink, k, migration step value of
the drink, i and the litres of the first term of the drink, f are 10, 5 and 2 litres respectively. (i) Determine
the number of terms in the series (i) generate the Kifilideen’s Matrix Structural Framework for the sequence
of the first four levels of the drink.

Solution

For the first n terms of the seties of drink concocted by the industry, n = n, S, = 223 litres
Level =1=4

Migration level factor of the litres of dtink=a=1—-1=4—-1=3

L . . a’+a+2
Migration step factor of the litres of drink = m = >

L . . 32+43+2
Migration step factor of the litres of drink = m = 5

Migration step factor of the litres of drink =m = 7
_ (a)(a+1)(a+2)+3a(n-m-a))

Sum migration level factor of the litre of the drink = g,

3
Sum migration level factor of the litre of the drink = gq,, = (3)3+1)(3+2)+3x3(n-7-3))

(3)(4)(5)+3x33(,n—10)) _ 24

Sum migration level factor of the litre of the drink = g, = .

3
Sum migration level factor of the litre of the drink = q,, = s0H5(r-10)

3
Sum migration level factor of the litre of the drink = gq,, = S0+om=%0

3
9n-30
3
Sum migration level factor of the litre of the drink = q,, = 3n — 10

Sum migration step factor of the litre of the drink = w,, = (@-1)(@@+1)+3n-m)n-m+1)

6
_ B-1DB)B++3(n-7)(n-7+1)

Sum migration level factor of the litre of the drink= g, =

Sum migration step factor of the litre of the drink= w, 5
_ @B)@®)+3(n-7)(n-6)
6

Sum migration step factor of the litre of the drink= wy,

S . . 24+3(n*—13n+42
Sum migration step factor of the litre of the drink = w,, = ( 5 )
S . . 8+(n*-13n+42
Sum migration step factor of the litre of the drink = w,, = %
_ n?-13n+50

Sum migration step factor of the litre of the drink= w,, =

Sp = k(qn) + i(wy) +nf
Since k = 10litres, i = 5litres and f = 2litres

2_
Sum of the litres of the first n terms of the drink concocted = S,, = 10 X (3n —10) + 5 (@) +

n X 2 = 223litres

20 X (3n —10) 4+ 5(n%? — 13n + 50) + 4n = 446
5n> —n+50—446=0

5n> —n—396 =0

Using quadratic formula, we have:

2
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"= —(-1)1+y/(~1)2—4x5x—-396 _ 1+y7921 _ 1489 _ 90 or =88
- 25 ~ 10 10 ~ 10 10

n=9or—288
Since n is positive, then:
number of terms of the series of litres of drinks concocted =n =9

(ii) Since migration level value = k = 10litres, migration step value = i = 5litres and the litres of the first
term of the drink concocted = f = 2litres, then the Kifilideen’s Matrix Structural Framework for the
sequence of the first four levels of drinks concocted is given in Table 5.

Table 5. Kifilideen’s Matrix Structural Framework for the sequence of question (c)
Level, | (Taste level)

Iy L, l3 ly
T, = 2litres
T, = 12litres
Ty = 17litres T, = 22litres
Ts = 27litres T, = 32litres
Te = 32litres Tg = 37litres

Ty = 42litres
Tio = 47litres

From the Table 5, the value of the litres of the drink in level 1 of step 1 is 2litres. The value of the litres of
drink in level 2 of steps 2 and 3 are 12litres and 17litres respectively. More so, the value of the litres of
drinks in level 3 of steps 3, 4 and 5 are 22litres, 27litres and 32litres respectively. Furthermore, the value
of the litres of drink in level 4 of steps 4, 5, 6 and 7 are 32litres, 37litres, 42litres and 47litres
respectively. From the Table 5 the sum of the litres of drink concocted for the first nine terms of the series of
drink concocted by the industty, Sy, is also 223litres. The difference in value of the litres of drink in last
step in one level and the last step in the previous level is equivalent to the sum of the migration level value, k
and the migration step value, i. For this design, the difference in value of the litres of drink in last step in one
level and the last step in the previous level is 15litres (this is the difference in value of the litres of drink in
last step in one level and the last step in the previous level k + i = 10 + 5 = 15litres).

(d) A gold manufacturing company implements Kifilideen’s Matrix Progression Sequence to produce gold
into various masses. If the sum of masses of gold of the first four hundred terms of Kifilideen’s Matrix
Progression Sequence of infinite terms is 16424 g and, the migration steps value of the gold, i and the mass
of the first term of the gold, fare —2g and 5g respectively. (i) Find the migration level value of the gold, k of
the series (if) present the Kifilideen’s Matrix Structural Framework for the sequence of the first three levels of
the gold.

Solution
For the first four hundred terms of the series of gold produce by the company, n = 400, S490 = 16424
Migration level factor of the masses of gold = a = Zi+vén—7 stn_7

—1++/8X%400—7

Migration level factor of the masses of gold = a = 5

Migration level factor of the masses of gold = a = 27.7533
Migration level factor of the masses of gold = a = 27
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ot a?+a+2
Migration step factor of the masses of gold = m = 5

ot 27242742
Migration step factor of the masses of gold = m = —

Migration step factor of the masses of gold = m = 379

Sum migration level factor of the masses of the gold = g, = (@)(a+1)(a+2)+3a(n—m-a))

3
Sum migration level factor of the masses of the gold = Q499 = (27)(27+1)(27+2)+33X27(400_379_2 )

_ (27)(28)(29)+3x27(=6)) _ 24
3 3

Sum migration level factor of the masses of the gold = q4q¢

Sum migration level factor of the masses of the gold = 499 = 7146

Sum migration step factor of the masses of the gold = w,, = (a—l)(a)(a+1)+f;(n—m)(n—m+1)

Sum migration step factor of the masses of the gold = wygg = (27-1)(27)(27+1) +3(400-379)(400-375+1)

_ (26)(27)(28)+3(21)(226)
6

Sum migration step factor of the masses of the gold = wygq

Sum migration step factor of the masses of the gold = w99 = 3507

Sn = k(qn) + i(wp) +nf

Sa00 = k(qa00) + i(wygo) + 400 X f

Since i = —2g and f = 5g

Sum of the masses of the first four hundred terms of the gold manufacture = S99 = k X (7146) +
(—=2)(3507) + 400 x 5 = 164249

k x (7146) = 16424 — 400 x 5+ 2 x 3507

7146k = 21438

_ 21438
7146
k =3g
Migration level value of the masses of gold = k = 3g

(ii) Since migration level value = k = 3g , migration step value = i = —2g and the masses of the first term
of the gold manufacture = f = 5g, then the Kifilideen’s Matrix Structural Framework for the sequence of
the first three levels of gold manufacture is given in Table 6.

Table 6. Kifilideen’s Matrix Structural Framework for the sequence of question (d)

level, 1
Iy L, I3
59
89
6g 11g
99
79

From the Table 6, the value of the masses of the gold in level 1 of step 1 is 5g. The value of the masses of
gold in level 2 of steps 2 and 3 are 8g and 6g respectively. More so, the value of the masses of gold in level 3
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of steps 3, 4 and 5 are 11g, 9g and 7g respectively. The difference in value of the masses of gold in last step
in one level and the last step in the previous level is equivalent to the sum of the migration level value, k and
the migration step value, i. For this design, the difference in value of the masses of gold in last step in one
level and the last step in the previous level is 1g (this is the difference in value of the masses of gold in last
step in one level and the last step in the previous level k + i = 3 + (=2) = 1g).

4.0 Conclusion

This study introduces Kifilideen’s Sum Formula for infinite Matrix Progression Seties, a novel summation
approach that efficiently compute structured numerical sequences. The limitations of existing summation
techniques in handling hierarchical matrix-based progressions were identified, highlighting the need for a
systematic and computationally efficient method. Through mathematical induction, sum formulas for bi-
number product progression series were established, serving as the foundation for deriving Kifilideen’s Sum
Formula. The application of the proposed formula in real-world scenarios including manufacturing, financial
modeling, and resource allocation, demonstrated its practical utility. The formula significantly reduces
computational complexity while maintaining accuracy, making it a powerful tool for industries that rely on
structured numerical aggregation. The case studies presented validate its effectiveness in optimizing decision-
making processes in production forecasting, investment planning, and large-scale distribution systems. By
introducting a structured and efficient framework for summing infinite matrix progression series, this study
contributes to mathematical advancements in structured summation techniques. Future research can explore
further refinements of the formula, its integration into computational algorithms, and its application in
broader scientific and engineering fields.
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Abstract

The study reports on the numerical and experimental investigation of the combustion of briquettes made from sawdust. The
Stoichiometric air required for complete combustion was calenlated and three excess air factors (10, 20, 30%) were considered.
The numerical simnlation was carried out using ANSYS 19R3 and the outputs monitored were the adiabatic flame temperature
and volume fractions of the combustion products (COz, Os, CO, SOy and NO). The combustion was experimentally studied
using the residential charcoal combustor. A Tetso 330 flue gas analyzer was used to measure the gas emission. The maxinum
[flue gas temperature was recorded for all the briquette samples during ambient air conditions, while the least was recorded at 30%
excess atr. High amonnts of COz and low amounts of oxygen were recorded at ambient and as the amount of air supplied was
increased, the amount of CO2 and CO was reduced. A good agreement between the experimental data and Computational Fluid
Dynamics (CED) results was observed, which suggests that CED can be a convenient tool for investigating emissions during the
burning of briguettes. The SOz and NO recorded were far below the OSHA standard, indicating that the briguettes will be
environmentally friendly.

Keywords: Numerical, Briquettes, Combustion, Emissions

1.0 Introduction

The significant environmental impact surrounding fossil fuels has been a great concern. The mitigation of the
effects of burning fossil fuels involves substituting them with renewable energy sources (Alonge and
Obayopo, 2023b; Malat’ak 7 al, 2020). Biomass briquette has been recognized as a viable replacement for
coal and other fossil fuels used in several applications, including cooking, heating, boiler combustion, power
production, and more (Alonge and Obayopo, 2023a; Jia e al, 2020). Biomass briquette fuel is very efficient,
clean, easy to ignite, and emits near-zero COo.

Generally, burning fuel emits volatile organic matter, a sulphur compound, nitrogen oxides, carbon
monoxide, particulates, and trace elements, depending on the content of the fuel and the degree of
combustion. The emission of gases during the combustion of solid fuels is related to the elemental
composition of the fuel (carbon, hydrogen, oxygen, sulphur, and nitrogen). Most biomass only contains a
minor amount of nitrogen and sulfur, the main constituents are carbon, oxygen, and hydrogen. Gases that
were mostly measured during the combustion of solid fuel are O,, CO,, CO, NO, NO3, and SO2 (Muraina ef
al., 2017; Pilusa ef al., 2013). Although, O,, CO, NO, NO,, and SO; are measured electrochemically by using a
gas analyzer, CO, and NOy are calculated by a gas analyzer. Nitrogen and sulphur have been the most
significant in the formation of harmful emissions and affect reactions forming ash. One of the most
dangerous pollutants emitted by the burning of solid fuels is nitrogen oxide, which contributes to the creation
of photochemical smog, acid rain, the greenhouse effect, and stratospheric ozone depletion (Tibor ez af,
2018). There are three main reasons for NOy formation during biomass combustion which are prompt NOy
(formed at the flame front), thermal NOx (formed from atmospheric nitrogen, above 1300 °C), and the fuel-
NOy (formed from elemental nitrogen contents of the fuel). Fuel-NOx emissions can be reduced by
producing volatile nitrogen in an oxygen-deficient atmosphere (staged combustion).

Literature has also reported the emission of CO during combustion which may be the result of low
combustion temperature, insufficient oxygen, poor mixing of fuel with the combustion air, and/or too short
residence time of the combustion gases (Gonzélez ¢t al., 2020; Tissari et al., 2009). Theoretical analysis of air
required to achieve complete combustion is necessary using stoichiometric calculation with fuel ultimate and
proximate analysis data. Mohon Roy and Corscadden (2012) researched the burning and emissions of

73



RD
3 INTERNATIONAL CONFERENCE ON ENGINEERING AND ENVIRONMENTAL SCIENCES (ICEES) 2024

biomass briquettes in a home wood stove, and it was reported that grassy briquettes showed less average
carbon-monoxide emissions than woody briquettes while NOy emissions recorded were higher than woody
briquettes but SO, emissions are similar for both briquettes. Galvez e# al. (2010) prepared a catalytic briquette
using a low-rank coal carbon precursor and vanadium compounds. Briquettes produced showed considerable
activity in the selective catalytic reduction of NO in a wide temperature range (75-350 °C) and high selectivity
towards Na. The catalytic briquettes' structural-chemical, mechanical, and catalytic capabilities are all impacted
by the various stages that go into making them, as well as how well they reduce NO selectively. Occupational
Safety and Health Agency has a standard occupational emission that should also be considered and followed
when combusting solid fuel (OSHA, 2019).

Hence, the combustion of the briquettes made from low- and high-density sawdust has been carried out in
this study using numerical and experimental approaches to know the volume of gases the burning process of
the briquettes will emit.

2.0 Materials and Method

2.1 Materials

Fig. 1 shows the briquettes investigated, made from low-density sawdust (Ceiba Pentandra) and high-
density sawdust (Nauclea diderichii).

Fig. 1. Briquettes made from (a) Ceiba Pentandra (b) Nauclea diderichi.
2.2 Elemental Analysis of the Briquettes

Ultimate and proximate analyses of the briquettes are presented in Table 1. The higher fixed carbon content
recorded for the Ceéiba Pentandra briquette implies that it will retain more heat than the Nasuclea diderichii
briquette. The fuel ratio which shows how easily fuel will ignite and burn out was also determined. The higher
the fuel ratio, the more challenging to ignite the fuel (Chukwu ¢ @/, 2016). The fuel ratio result shows that the
Naunclea diderichii briquette will ignite easily. Higher ash content recorded for the Cezba Pentandra briquette
shows the possibility of lesser efficiency during burning. However, the ash contents recorded for the two
samples are within an acceptable range according to the recommendation by Hashan ¢ a/, (2013).

Table 1: Proximate and Ultimate Analysis of Briquettes made from Nasuclea diderichii and Ceiba Pentandya.

S/ Sample V.M ASH F.C Fuel C H N (0] S HHV
N Ratio
% % % % % % % % (M]J/Kg

)

1 ND 82.23 0.64 1713 021 4833 5.92 095 4370 04 18.83

2 CP 71.53 092 2763 039 50.15 593 112 41.21 0.6 21.55

ND: Nauclea diderichii, CP: Ceiba Pentandra
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2.3 Experimental Investigation of the Combustion Process

The combustion was carried out using the residential charcoal combustor (as shown in Fig. 2). The
experimental apparatus comprises a 12 V D.C. fan for combustion air supply, a 12 V battery, and a speed
controller. A gas analyzer with a multipurpose probe for continuous gas analysis was installed. The produced
briquettes of known masses were ignited and combusted in the rig. The combustion air to achieve complete
combustion and excess ait were followed as calculated in the stoichiometric calculation shown in Table 2. A
Tetso 330 flue gas analyzer was used to measure the gas emission, and the response time of this analyzer was
10s for all the gases. The measurement range and accuracy are 0.2 vol.% for O, and CO; and +10% for CO
at the concentrations observed in these experiments.

Fig. 2. Combustion process of the briquettes.

Table 2. Stoichiometric Calculation for the Theoretical Amount of Air for the Combustion.

S Proporti Theoretic = Average  Theoretical  Fuel Air Excess Actual Air

/ on al Air Mass of a Air for a flow flow (m3/s)

N Briquette Briquette rate rate

(m’/Kg) 10%  20%  30%
Kg) (m*/kg)  (Kg/s) (m3/s)

1 ND 4.44 0.03240.00  0.142+0.005  0.032  0.0045 0.005 0.0055 0.0060
12 3 1

2 CP 4.69 0.091£0.00 0.4274£0.016  0.091 0.0389  0.042 0.0467 0.0506
36 9 8

ND: Nauclea diderichii, CP: Ceiba Pentandra
2.4 Numerical Method

ANSYS 19R was used to simulate the validation of the combustion process of the briquette. A non-premixed
model of the combustion process was developed utilizing mixed fraction theory. This combustion model was
chosen because the solid fuel could be described as an empirical stream therefore, the solid fuels were only
specified as data from the ultimate analysis. The governing equations employed and solved were the
continuity equation for the continuous phase as expressed in Eq. 1, the dispersed phase in Eq. 2 and Eq. 3,

and the momentum equation as expressed by Eq. 4, which were all solved under steady-state conditions
(Baloyi, 2017).

V.(p7) = ~Sp. 1)
V.(p5.f) = V. [ﬁ—ivf] + S @)
V. (pBf?) = V. (’;—i VFZ) + Coue(VF)' — 2.0p2f 2 3)
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V.(pp%) = —Vo+V.(D) + pj + F. )

The stress tensor is given by Eq. 5 (Baloyi, 2017).
I= u[(vﬁ+vﬁT)—§v.ﬁi]. ®)

5
Where p is the molecular viscosity of the continuous phase, F is the interactive body forces between the
dispersed and the continuous phases, S;, is the source term accounting for the mass transfer from the solid

phase to the gas phase and { Is a unit vector. f and f_/2 are the mixture fraction and its variance. The energy
for the non-premixed combustion model is expressed by Eq. 6 (Baloyi, 2017):

V.(pPH) = V. (? VH) + Sp. ©6)
v
The total Enthalpy is given by H is given by Eq. 7.
T
H= 37 Y (fr,, Coi AT+ 1 (Trer ). )

Where Y; is the mass fraction, Cp ; is the specific heat and constant pressure and hj(-) (Tref,j) is the enthalpy

of the formation of the J®* species. Sy, is the source term due to viscous dissipation. The use of the
combustion model requires the use of a turbulent model because the combustion model is a mixture model.
The k — € turbulent model with enhanced wall function was chosen as the turbulence model for all the
simulations and the turbulence energy is given in Eq. 8 (Baloyi, 2017), while the turbulence dissipation is
given in Eq. 9 and Eq. 10 (Baloyi, 2017). The radiation was modeled using the P1 model included. The
pressure was solved using the PRESTO method and continuity, energy, turbulence, and mass fraction were
solved using a second-order upwind scheme.

5 5 sk
5—9“(Pkui)=gj[(ﬂ+g—;)gj]+0k+Gb—pe—YM. ®)
5 5 5 2
3, pew) = o [(# + ﬁ—z) 5—;}] + Crep (G + C3Gp) = Coep— ©)
KZ
e = pCu—. (10)

Whete i, j, K equal 1,2,3; G, is the generation of turbulence kinetic energy due to mean velocity gradients, Gy,
is the generation of turbulence kinetic energy due to buoyancy; Y, is the generation of turbulence kinetic
energy due to fluctuation dilation in compressible turbulence to the overall dissipation rate; Cy¢, Cp¢, C3 and
Cy are constant. 0y is the turbulent Prandt number for the turbulence kinetic energy, 0, is the turbulent
Prandtl number for the turbulence dissipation rate, i, is the turbulent viscosity.

2.5 Model description and meshing

The combustor was modeled as shown in Fig. 3. It has a fuel inlet and an air inlet. The fuel flow rate and the
airflow rate were input for each run of the simulation as specified in Table 3. A mesh independence study was
done to reduce simulation costs and eliminate numerical effects on the results. A mesh size of 3,064 was
chosen from the study. The outcome of the meshing process is shown in Fig. 4. The inlet temperature of the
fuel inlet was set at the devolatilization temperature obtained from the thermogravimetric analysis reported by
Alonge and Obayopo, (2023b). The inlet air temperature was set at 300 K. The fuel and air mass flow rates
were input as calculated in Table 2. The wall of the combustor was set to be adiabatic. A Presto method and a
second-order upwind scheme were combined with a pressure-based solver to calculate continuity,
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momentum, turbulence, and turbulence terms. The outputs monitored were the adiabatic flame temperature
and volume fractions of the combustion products, namely: CO2, Oz, CO, SOz, and NO.

CO—‘
60 mm

CO:;
=

Air
Inlet

300 mm 090 10000 (i) I—* 2

5000

Fig. 3. Combustion Rig Model.

Fig. 4. Meshing Outcome.

3. Result and Discussion

The gases emitted during the experimental combustion of the briquettes are reported in Table 3 - 6. In this
study, CO, CO», and O emitted from burning were determined. The OSHA was used as a benchmark in this
study.

Table 3. Emission of Gases from Burning of Briquettes made from Nazuclea diderrichii at Different Air Supply.

Samples Variables FT Time 02 (%) CO (%) CO; (%)
(min.)
°C Min. Max. Min.  Max. Min.  Max.
ND Amb. 49.9 — 413.6 41 14.4 20.2 0.1 2.8 1.14 6.51
Stio. 56.4 —306.1 13 18.5 20.9 0.1 0.4 1.29 2.47
10% EA  41.9 — 280.5 14 18.9 20.7 0.1 0.2 1.16 1.75
20% EA 53.1-234.7 13 19.2 20.8 0.1 0.2 1.10 1.25
30%EA 453 -223.1 12 19.7 20.8 0.1 0.1 1.04 1.10

ND: Nauclea diderrichii, FT: Flame temperature
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Table 4. Emission of Gases from Burning of Briquettes made from Cezba pentandra at Different Air Supply.

Samples Variables FT Time O (%) CO (%) CO: (%)
oC (min) Min Max Min Max Min Max
CP Amb. 53.7 - 544.1 27 139  20.8 0.1 0.4 1.22 1249
Stio 52.7-137.4 15 17.8  20.7 0.1 0.3 1.08  3.96
10% EA  60.2 —209.1 15 182 209 0.1 0.3 116 2.55
20% EA  51.2-1424 13 189 209 0.1 0.2 112 2.39
30% EA  51.0-144.5 13 194 20.8 0.1 0.1 - 2.24

CP: Ceiba pentandra, FT: Flame Temperature

3.1 Flue gas temperature

The flue gas temperature varied throughout the experiment for the briquettes and was recorded in ranges.
The variation was due to the airflow behavior in the burning chamber and the intensity at which the briquette
was burning. The higher the excess air, the lesser the maximum flue gas temperature recorded. This shows
that as the airflow increases, the sensible heat has been driven from the combustion chamber towards the
outlet. As the flue gas temperature decreased with an increase in airflows, the emission of CO and CO: also
decreased, while the flue gas cooling and dilution were done by combustion air. Maximum flue gas
temperature was recorded for the two briquette samples during ambient air conditions (ranging between
413.6 and 544.1 °C), while the least was recorded at 0.3 excess air factor (ranging between 144.5 and 223.1
°C). Knigawka ¢z al, (2022) reported that the amount of flue gas produced and the temperature of flue gases
(the difference between the temperature of flue gases and laboratory temperature) are directly related to the
loss of combustion products through sensible heat. The flue gas temperature values of the briquettes indicate
their potential use as solid fuel. It was also observed that as the airflow increased, the shorter time it took the
briquette to burn out. Nawuclea diderrichii briquettes burned out more quickly than Ceiba pentandra briquettes.
This can be attributed to the higher fixed carbon possessed by the Ceiba pentandra briquettes.

3.2 CO; Emission

The CO; emission was recorded as shown in Tables 3 and 4. The maximum amount of CO; recorded ranged
between 1.10 - 6.51% for Nauclea diderrichii briquette, while for raw Cezba pentandra briquette, it ranged between
1.24 - 12.49%. From the above result, Nasuclea diderrichii briquette showed more excellent combustion
characteristics than the Ceiba pentandra briquette briquettes. The highest amount of CO2 was seen to be
associated with intense flame temperature and as the flame intensity reduced, a decrease in CO, concentration
coupled with low combustion temperature was observed. High amounts of carbon dioxide and low amounts
of oxygen were recorded at ambient and as the amount of air supplied was increased, the amount of carbon
dioxide was reduced. At excess air above 20%, no change in the emission of CO; was observed.

According to (Obernberger ¢ al., 2000), briquettes that are not burned completely generate unburned carbon-
based pollutants like carbon monoxide, hydrocarbons, polycyclic aromatic hydrocarbons, and soot.
Therefore, the reduction in CO» emission as more air was being supplied shows the closeness of the burning
process to complete combustion. High emission of CO» was recorded at ambient and could be probably
caused by inadequate air supply and insufficient fuel-air mixing (Obernberger e al., 2006). For each of the
samples, high carbon dioxide was recorded which indicates complete combustion resulting in carbon
monoxide being oxidized to carbon dioxide which is more of a greenhouse gas. The comparison between gas
emissions from briquettes in this study and those recorded in previous works done using different
combustion systems are reported in Table 5. It can be seen that the emission of CO» varies significantly from
one biomass briquette to another. The COz measured in this study was higher than the OSHA standard and
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those reported in previous works. The variation also depends on the combustion technology used and the
organic composition of the briquettes. Low CO> emission (average) of 2900 ppm (0.29%) and 929 — 2180
ppm (0.09 - 0.2%) for anthracite and spent coffee grounds briquettes were measured in a boiler by Kim ez 4/
(2021) and 453 — 565 ppm (0.05 - 0.06%) for water hyacinth briquette were measured in a conventional
charcoal stove by Okia ef al. (2017), whereas a high CO2 emission (Avg.) of 21332 ppm (2.13%) for corn
stover briquette were measured in a combustion system by (Pilusa ez a/, 2013).

Table 5: Comparison of the Emission of CO2 and CO of Briquettes Produced and that of Previous Studies
under Ambient Air Condition

Combustion Rig Briquette Max. CO2 (%) Avg. CO» Max. CO Avg. CO
(%) (%) (%)
P.S Raw ND 100 6.51 2.85 (28,500 ppm) 3.1 0.37 (3,700 ppm)
P.S Raw CP 100 12.49 3.38 (33,800 ppm) 0.4 0.12 (1,200 ppm)
Boiler (Yeongu et al., Anthracite - 2900 ppm - 995 ppm
2022)
(0.29%) (0.1%)
Spent Coffee 929-2180 ppm 8 — 48 ppm
Grounds
(0.09-0.2%)
Combustion System Corn stover 21332 ppm 73.78 ppm
(Pilusa et al., 2013)
(2.13%) (0.007%)
Okia et al., 2017 Water Hyacinth 453-565 ppm 29-62 ppm
(0.05-0.06%)
Anna et al., 2021 Torrefied Olive 5000-6000 11000-12000
(Convectional multi- ppm (0.1- ppm (0.35-
fuel stove) 0.6%) 1.2%)
(Wang et al., 2017) Corn Straw Biochar 104.06 mg/m>
(Biomass furnace) (0.01%)
Paper 1162 ppm
(0.12%)
Meng et al., 2018 Ekolog wood 957 ppm
(Commercial Stove) (0.096%)
Coal 1163 ppm
(0.12%)
Combustion system Natural Gas 10-12 % 70-110 ppm
(Pilusa et al., 2013)
Coal 10.6% 5579 ppm
Fuel Oil 12-14% -
OSHA Limit 5000 ppm (0.5%) 50-200 ppm
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3.3 CO emission

The maximum amount of CO recorded for Nasuclea diderrichii briquette ranged between 0.1 — 2.8%, while for
Ceiba pentandra briquette, it ranged between 0.2 - 0.4%. This shows that emissions of CO in the flue gas were
lower for the Ceiba pentandra briquette than Nauclea diderrichii briquette and implies that the Ceiba pentandra
briquette will be more environmentally friendly. Generally, a high amount of CO was recorded at ambient
and as the amount of air supplied was increasing, the amount of CO was reduced. No significant change was
observed in CO emitted for the stoichiometric air and excess air factors. According to Tawil (2021), the
reactivity of the fuel, fineness, and particle size of the fuel, fuel/air mixing efficiency, surplus air available for
complete combustion, residence time, and temperature profile inside the boiler are all important elements that
influence the complete combustion of carbon. No evident relationship was observed between CO emission
parameters and flue gas temperatures. CO emissions are reduced by burning the fuel at a high furnace
temperature and a lengthy residence period (Vakkilainen, 2017). There is no direct relationship between fuel
properties like volatile matter and CO emission variables. Above 20% excess air, no significant increase in
emission was observed. Hence, 20% excess air will be recommended for the burning of the briquettes. Table
5 shows the comparison between CO emissions from briquettes in this study and those recorded in previous
works. It can be seen that the emission of CO varies significantly from one biomass briquette to another and
the variation also depends on the combustion technology used and the organic composition of the briquette.
As can be seen in Table 5, a low CO emission (average) of 995 ppm (0.1%) for anthracite briquettes was
measured in a boiler by Yeongu ez a/. (2022), 29-62 ppm (0.003-0.0062%) for water hyacinth briquettes were
measured in a conventional charcoal stove by Okia ez a/. (2017), and 1162 ppm (0.12%), 957 ppm (0.096%),
1163 ppm(0.12%) for corn straw biochar briquette, paper briquette, ekolog wood briquette, respectively were
measured in a conventional stove whereas a high CO emission of 11000 - 12000 ppm (1.1-1.2%) for torrefied
olive briquettes was measured in a domestic solid-fuel stove by Trubetskaya ez 4/, (2021).

3.4 Numerical Validation of Gases Emission

During the simulation process, four emitted gases (CO, COa, SOz, and NO) were monitored while CO and
CO; at different air velocities were only compared with experimental results for validation. Table 6 and Table
7 show the comparisons between the simulation results and experimental data of the emission of gases from
the burning of the briquettes at different air supplies. Generally, a good agreement between the experimental
data and CFD results was observed, which suggests that CFD can be a convenient tool for investigating
emissions during the burning of briquettes and can provide guidance for the design and optimization of
briquette burning. The emission contours of CO, COaz, SO», and NO are shown in Fig. 5 -13.

Table 6: Comparisons between CFD Results and Experimental Data of Emission of Gases from Burning of
Briquettes made from Nauclea diderichii at Different Air Supply

Sample Variables CO () CO; SO, NO
(x10"5)
Exp. CFD Exp. CFD CFD CFD
ND Amb. 2.8 3.02 6.51 5.50 12.70 6.59 x10"-22
Stio. 0.4 0.53 2.47 4.46 11.50 8.59 x107-20
10% EA 0.2 0.32 1.75 3.40 6.20 1.32x10"-11
20% EA 0.2 0.31 1.25 3.57 12.2 2.76 x10™-16
30% EA 0.1 0.30 1.10 3.50 7.88 9.36 x10™-19

ND: Nauclea diderrichii, CFD: Computational Fluid Dynamics, Amb.: Ambient, Stio.: Stoichiometric, EA:
Excess Ait.
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Table 7: Comparisons between CFD Results and Expetrimental Data of Emission of Gases from Burning of
Briquettes made from Cezba pentandra at Different Air Supply

Sample Variables CO (%) CO: (%) SOz (%) NO (%)
107-5
EXP. CFD EXP.  CFD (CFD) CFD

Cp Amb. 2.1 1.8 1249 13.50 6.75 7.64 x10°-33

Stio 0.3 0.567 3.96 4.49 4.63 9.64 x10"-31

10% EA 0.3 0.476 2.55 4.24 4.15 6.25 x10-30

20% EA 0.2 0.409 2.39 3.78 4.03 2.83 x10"-29

30% EA 0.1 0.341 2.24 3.76 3.27 1.71 x10"-27

ND: Nauclea diderrichii, CP: Ceiba pentandra, Exp: Experimental, CFD: Computational Fluid Dynamics, Amb.:
Ambient, Stio.: Stoichiometric, EA: Excess Air

CO:

NO

SO,

Fig. 5. Contours of Gases Emitted during the Combustion of Nauclea Diderrichi Briquettes at Ambient
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Fig. 6. Contours of Gases Emitted during the Combustion of Nauclea Diderrichi Briquettes at
Stoichiometric Air Flow
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Fig. 7. Contours of Gases Emitted during the Combustion of Nauclea Diderrichi Briquettes at 10%
Excess Air.
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Fig. 8. Contours of Gases Emitted during the Combustion of Nauclea Diderrichi Raw Briquettes at 20%
Excess Air.
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Fig. 9. Contours of Gases Emitted during the Combustion of ND Briquettes at 30% Excess Air.

83




contour-8
Mole fraction of co

cortow-8
M fractan of Pollitart no

.

103002
920003
826003
7230
818003
518003
443003
310803
208003
103003
0.00e400

176030
158030

140830

L 12330

105030
876031
70103
525031
350831
175031
0000400

RD
3 INTERNATIONAL CONFERENCE ON ENGINEERING AND ENVIRONMENTAL SCIENCES (ICEES) 2024

108e04

usge0s
008
753008
Bage0s
53808
430008
223008
218008

108608

000800

CO2

SO

Fig. 10. Contours of Gases Emitted during the Combustion of CP Briquettes at Ambient.

NO

CO2

SO:
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Fig. 12. Contours of Gases Emitted during the Combustion of CP Briquettes at 20% Excess Air.
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Fig. 13. Contours of Gases Emitted during the Combustion of CP Briquettes at 30% Excess Air.
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3.5 Comparison of CO Obtained from CFD and Experimental Investigation

Similar to the relationship observed between air supply and CO emission in the experimental results, the
CO emission also decreased with an increase in air supply in the CFD result for both samples. Generally,
the measured CO concentration is lesser in the experimental rig than in the CFD simulation. An over-
prediction was observed by the CFD model, and this could either be the result of assumptions in the
formulation of the employed model or due to experimental lapses. Similar discrepancies were reported by
Levy et al. (2018) and Perpignan ef al. (2018). The deviation between the experimental and CFD results
ranged between 0.11 and 0.22% for Nauclea diderrichii briquette, and it ranged between 0.17 and 0.30% for
Ceiba pentandra briquette. The deviation in prediction for Cezba pentandra was much higher than Nauclea
diderrichit.

3.6 Comparison of CO; Obtained from CFD and Experimental Investigation

The trend observed in the relationship between air supply and CO, emission was also like that of the
experimental results. CO2 emission decreases with an increase in air supply. However, there are a few
cases where the COz predicted for 20% excess air was higher than the prediction for stoichiometric air
supply. Generally, the measured CO2 concentration was lesser in the experimental rig than in the
simulation. The deviation between the experimental and the simulation results ranged between 1.01 and
2.40% for Nauclea diderrichii briquette, and it ranged between 1.01 and 1.69% for Ceiba pentandra briquette.

3.7 NO and SO; emission

The sulphur that is bonded to the fuel produces sulfur dioxide emissions. The predominant form of
sulfur released during combustion is H»S, which is then oxidized to produce SOz, and then partially
recovered in the produced ash and contributes to SOz emissions (Emil Vainio, 2014). Generally, raw
biomass has negligible sulphur content, its combustion does not contribute significantly to sulphur
emission. In this study, the initial sulphur content determined for the briquette ranged between 0.46 —
0.71%. The SOz emissions obtained from the CFD were low in the order of exponential minus five (10-3)
as they ranged between 6.20 x 105 and 12.70 x 105 % at different air supplies for Nauclea diderichii
briquette. It ranged between 3.27 x 10-5and 6.75 x 105 % for Ceiba pentandra. Ceiba pentandra had the least
amount of SO, emitted, followed by Nawclea diderrichii briquette. Generally, the highest amount of sulfur
dioxide was recorded at ambient, while the least was recorded at 30% excess air. The SO, recorded is far
below the OSHA standard. This implies that the briquettes will be environmentally friendly in terms of
SO, emission.

Nitrogen oxide (NO) emission also originates from fuel-bound nitrogen and the N in the combustion
air. The nitrogen in the fuel and that of the combustion are oxidized to nitric oxide during combustion
and give two sources of nitric oxide (thermal NOx and fuel NOx). Temperature and the amount of
oxygen present in the combustion zone affect how quickly NOx forms. Thermal NOx is lowered by
lowering the flame temperature and surplus air, while fuel NOx is decreased by lowering the oxygen
availability in the combustion zone. The initial nitrogen content determined for the sample briquette
ranged between 0.82 — 1.20 %. Generally, the NO recorded for all the samples was very low in the order
equal and less than exponential minus 11 (10! to 10-%). The low value of NO recorded could be the
result of low flame temperature which was less than 500 °C. This shows that the burning of briquettes
made from sawdust in a traditional household rig produces an insignificant amount of NO. The NO
recorded is far below the OSHA standard. This implies that the briquettes will be environmentally
friendly in terms of NO emissions.

Conclusions

Generally, the amounts of gases emitted were within the acceptable range and made the briquette suitable
for use without environmental issues. Emissions of CO, NO and SOz wete lower for the Cezba pentandra
briquette than for the Nauclea dedirrichii briquette. Although, Nauclea dedirrichii shows good burning
potential and in cases where high energy content is required, it would be preferred over Ceiba pentandra.
CFD predictions and experimental measurements showed reasonable agreement which shows that the
CFD is capable of predicting gas emission during the combustion of briquette. The model also provides a
useful basis for further work. No further increase in CO and CO2 was observed at excess air above 20%
hence, 20% excess air will be recommended for the combustion of the briquettes. The environmental
impacts have been assessed by analyzing the composition of emission gases produced during the
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combustion of briquettes combustion. The knowledge will help in developing cleaner and more
environmentally friendly technologies. The study has explored combustion behaviour, and emissions
characteristics of briquettes produced from wood sawdust.
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Abstract

Improper management of waste disposal presents significant environmental challenges. In the absence of leachate systems at
dumipsite facilities, leachate contaminates the surrounding with toxic heavy metals. This study evaluates the distribution of
heavy metals in existing dumpsites within the urban and peri-urban areas of Kano State and assessed the soil’s pollution and
contamination indices. Three active dumpsites were selected in the Kano metropolis, Nigeria for this study. Both surface and
sub-surface samples, at depths of approximately O — 10 cm, were collected. Six soil samples were collected and stored in a
cool place pending analysis. The pH and heavy metals concentrations of the samples were taken at different points. Agilent
4100 Microwave Plasma—Atomic Emission Spectrometer was nsed to obtain beavy metals concentrations. The following
concentrations (Pb-0.37mg/ kg, Cr-5.61 mg/ kg, Fe-67.75 mg/ kg, Cu-0.49 mg/kg and Zn mg/ kg respectively) are
obtained for heavy metals. The mCd obtained (12.50 and 19.27) from sites CR-1 and CR-2 indicate a high level of
contamination. These indicate that heavy metals have a major impact on the sotl, requiring prompt attention and potential
remediation method while the mCd values at other sites, KB-1, KB-2, RR-1, and RR-2 are 0.87, 1.29, 2.46, and 1.54,
respectively. For both KB-1 and RR-2, a mCd value below 1.5 indicates low contamination, indicating little human
influence and metal concentrations close to natural levels. On the other hand, KB-2 and RR-1 show moderate levels of
contamination, with mCd somewbat over 1.5. While CR-1 and CR-2 are more serious than these sites. The PLI for the
sites CR-1, CR-2, KB-1, KB-2, RR-1, and RR-2 have been recorded at 1.82, 2.08, 0.68, 1.24, 1.22, and 0.80 in that
order. These PLI data emphasize the necessity for intervention measures to mitigate immediate and future environmental
implications.

Keywords: Heavy metals, Dumpsite, PLI, Contamination index remediation, Solid waste.

Introduction

Improper management of solid wastes leads to environmental challenges (World Bank, 2020). Due to the
absence of a leachate collection system in dumpsite facilities, the leachate migrates and contaminates the
soil within the vicinity of the dumpsite, especially with toxic heavy metals such as lead, chromium,
cadmium, coppet, arsenic, iron, manganese, and zinc (Clément et al, 2015). In Kano Metropolis and most
developing cities in Africa where there are increase in population and industrial activities are being
experienced uncontrolled solid waste disposal management. On the other hand, urbanization, migrations
and economic development, has led to indiscriminate dumping of solid wastes of various sources in and
around any available large expanse of land either under fallow or abandoned land. Research carried out on
lands close to dumpsites at Zaria city and other areas showed that most land around dumpsites are well
contaminated with heavy metals (Olayiwola ez a/, 2017). Soil contamination by toxic metals poses
significant issues due to their non-biodegradability.

Salami and Popoola (2023) highlight the escalating environmental, health and management. Addressing
this is crucial for sustainable living. Urbanization and economic growth lea to solid waste production,
with urban municipal solid waste (MSW) from anthropogenic activities being a major contributor (Verge
and Rowe, 2013). These hazardous waste discharge contaminates soil worldwide, with plants absorbing
heavy metals through various pathways (Akinbile and Yusoff, 2012). Numerous studies had reported high
metal levels around dumpsites but often do not evaluate contamination indices. At four different e-waste
management activity sites in Lagos, Nigeria, where e-waste was being burned openly, disposed of, and
kept, (Osibanjo, 2023) conducted heavy metals assessments. Samples were frequently collected from each
site during the dry and rainy seasons for a period of two years. After being digested in aqua regia, the
samples were analyzed with an atomic absorption spectrometer to look for particular metals. During the
wet season, the mean values (mg/kg) of the following metal concentrations were found in the soil at the
open burning site: Cd - 24.80, Cr - 69.30, Ni - 108.00, Zn - 4380.00, Pb - 15200.00, and Cu - 41700.00.
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The remarkable contamination factor values were greater than six for the open burning site indicated
exceptionally high levels of Pb and Cu contamination.

Amos-tauta et al. (2013) assessed PB, Cd, and Cr levels, as well as physicochemical properties, samples
from a Yenagoa dumpsite and a control site. Samples from 0 - 10cm and 10 - 20cm depth showed the
dumpsite had over 80% sand, less clay, with varied pH between 4.89 - 7.60 respectively. However, total
nitrogen and organic matter were good and may be rehabilitated to farmland without remediation.
Osakwe (2014) investigated heavy metal contamination and physicochemical properties of soils in
Abraka, Delta State, Nigeria. Samples from various depths (0 - 45cm) and a control site showed pH
values of 3.6 - 6.7. The total organic carbon content ranged from 29.56% to 77.76%. Heavy metals were
found in mean value; Fe - 40.05mg/kg, Zn - 16.74mg/kg, Mn - 34.39 mg/kg, and Cu - 0.66mg/kg.

Ogbemudia & Mbong (2013) examined heavy metal levels in plants and soil from Uyo, Nigeria dumpsites
. Soil samples showed heavy  metals  presence, with Mn  and Fe  the most prevalent  while
Cd was least abundant. Consumption of vegetables from the  vicinity  of  contamination
poses health risks due to elevated heavy metal levels, highlighting potential health hazards. Therefore,
managing and disposing of MSW propetly is a crucial environmental and public health issue, especially in
developing countries like Nigeria. The traditional method of dealing with this environmental problem
open dump of mixed MSW in open dumpsites and landfills which are largely unregulated. These methods
are popular because they are easy, cheap, and do not require much technology.

Landfills and open dumpsites are often located near residential areas, groundwater recharge zones, and
areas with high-water tables during some seasons. Unfortunately, many of these landfills and open
dumpsites do not have proper planning and do not follow the best practices. Moreover, MSWs are
frequently disposed of in an unregulated way, and many of these sites do not have systems for treating
and collecting leachate (liquid that seeps through the waste) and greenhouse gases. This study seeks to
generate data on the level of heavy metal contamination status of soil in the existing dumpsites in urban
and peri-urban area of Kano state, Nigeria, which can be used by chemical engineers, environmental
engineers, geologists, scientists and other users of such materials to improve their work since soil analysis
plays a pivotal role in environmental protection, health preservation, and sustainable land use. It
underpins decision-making, clean-up efforts, and ecosystem safeguarding, making it a crucial process in
environmental management. Therefore, a holistic solution is needed to tackle this issue as a necessary step
for achieving a sustainable and healthy lifestyle (Ahmad, 2013).

1. Materials and Methods

Sample Area Description

Kano metropolis is the administrative centre of Kano state and the third largest city in Nigeria after Lagos
and Ibadan. Kano metropolis is located between latitudes 11°52'N and 12°07'N and longitudes 8°24'E
and 8°38'E. It is relatively at the centre of Kano state (Figure 1.0). According to the most recent figures,
Kano State, Nigeria, had a population totaling 9,401,288 as of the 2006 census and is cutrently estimated
to be above 15 million. The demographic expansion of Kano was as a result of its good fertile landscape,
commercial city, as well as its accessibility and hospitality.
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Fig 1.0 Satellite pictures of sampling points.

Below are the Geo-Referenced Position of Each Sampling Point and their Identification Respective to the
Dumpsites.

Table 1: The Sampling Locations of the Dumpsites

Sample Code Lat. (°N) Long. (°E) Vicinity Elevation
CR-1 11.96773 8.54212 Residential area 481.23m
CR-2 11.96773 8.54212 Residential area 481.20m
KB-1 12.00910 8.50314 Residential area 480.53m
KB-2 12.00910 8.50314 Residential area 480.82m
RR-1 12.015070 8.439103 Residential area and farm 480.72m
RR-2 12.015070 8.439103 Residential area and farm 481.70m

2.1 Sampling

Soil samples were collected from three different dumpsites. One sample was taken from the surface soil,
while another was obtained at a depth of 10 cm using a sampling spoon. Specifically: Two samples were
collected from the dumpsite at Court Road Tarauni LGA and labeled as CR-1 and CR-2, respectively.
Two samples were obtained from the dumpsite at Kuka Bulikiya, Dala LGA and labeled as KB-1 and
KB-2, respectively. Lastly, two samples were collected from the dumpsite along Rimingata Ring Road,
Ungogo LGA and labeled as RR-1 and RR-2, respectively. The GPS of sampling locations are presented
in Table 1.0 below. The samples were collected in plastic containers. The figure 2 below shows the
sampling and sampling preparations.
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Fig. 2 Sampling and laboratory procedures

2.2 Preparation Analysis

The samples were air dried for three days, ground and sieved through a 2 mm sieve. These were stored in
labelled plastic containers and were taken to the laboratory for analysis. After which, 1.00 g of each
sample was digested with 20 mL aqua regia (HCI/HNO3 3:1) in a beaker (open-beaker digestion) on a
thermostatically controlled hot plate. The digested samples were heated to near dryness and cooled to
ambient temperature. Then 5.0 mL of hydrogen peroxide was added in parts to complete the digestion
and the resulting mixture heated again to near dryness in a fume cupboard. The beaker walls were washed
with 10 mL of de-ionized water and 5 mL. HCI were 